ON PROPERTIES OF A DOMAIN FOR WHICH ANY DERIVED SET 
IS CLOSED* 


BY 


EARLE RAYMOND HEDRICK 


1. Introduction. FRf&cHET, in his thesis}, defines a general class of assem- 
blages (Z) of objects of any sort, with which some definition of limiting element 
of a sequence is associated. ¢ 

The most interesting type of such assemblages is that which Frécuer calls 
compact.§ Among such assemblages one very important class are those which 
have the property that the first derived set (E'’) of every subset (EF) of (D) 
is closed. || 

In this paper, some of the properties of any fundamental assemblage (J) 
which has both the properties described above will be discussed. We shall call 
(D) the fundamental domain. § 

2. Elements Interior to Assemblages. Let there be given a fundamental 
domain (D) with the properties ** described in §1. An element A is said to be 
interior tf to a set (£’) of (D) if A is not a limiting element of any sequence of 
elements of (D) which do not belong to (#). One set (/) is interior to 
another set ( /’) if every element of ( /) is interior to ( 7’). 


* Presented to the Society (Columbia, Mo.) November 27, 1909. 

tRendiconti del Circolo Matematico di Palermo, vol. 22 (1906). 

t The only restrictions are (1) that a sequence of identical elements, A, A, ---, A,--- be 
said to have A asa limiting element, (2) that if a sequence 4,, A,,---, An, --- has a unique 
limit, any infinite subsequence selected from it, in the same order, has the same limit. 
( FRECHET, loc. cit., § 7.) 

2 A fundamental domain is compact if every infinite set of its elements has at least one limit- 
ing element. (FRECHET, loc. cit., § 9.) 

|| Compare FRECHET, loc. cit., § 22. It is evident that domains exist which do not have this 
property. FRECHET cites the case of the domain of all continuous functions defined in a closed 
interval. See also SCHOENFLIES, Punktmannigfaltigkeiten, Bericht der Deutschen Mathe- 
matiker-Vereinigung, Erginzungsband II (1908), page 86, lines 1-6, and page 279. 
On page 282 it is proved that this property is not a consequence of the compactness of ( D). 

{ The notation ( L ) is used by FRECHET for any domain for which an acceptable definition of 
limit is given. In this paper we shall assume that ( D) is compact and has the closure property 
mentioned above. The investigation of the properties of sets having these two characteristics 
is suggested by SCHOENFLIES, loc. cit., p. 279. 

** The following theorems involve this hypothesis, which is not repeated below. 

tt See FRECHET, loc. cit., § 8. 

Trans. Am. Math, Soc. 20 985 


286 E. R. HEDRICK: PROPERTIES OF A DOMAIN [July 


An immediate consequence of this definition is the following theorem : 

THEOREM 1. Jf an element A is interior to a set (EF), all but a finite 
number of elements of any sequence whose limiting element is A are interior to 
(#). For if not, let -A,, A,, ---, A,, --- be the infinite set of elements not 
interior to ( /) selected from such a sequence. Since <A, is not interior to (/), 
it can be approached by a sequence of elements A‘), A®, A, A”, --- of 
(D) which do not belong to(#). The derivative of the set of elements A‘ 
contains the elements A,. Since this derivative is closed, A is one of its ele- 
ments; hence A can be approached by a sequence of elements of the set A‘? 
none of which belong to (#). This is contrary to the hypothesis that A is in- 
terior to (#), and the theorem is proved. 

3. The Heine-Borel Theorem. The theorem just proved enables us to show that 
the Heine-Borel theorem * holds for a fundamental domain ( )) which has the 
properties of section 1. 

TueoreM 2. Let (£,),(£,), ---,(£,), --+ be a countable set of assem- 
blages, such that every element of a certain closed assemblage (K ) is interior 
to at least one of the assemblages ( E,) ; then every element of (A) is interior 
to one of a finite number of the assemblages (E,). 

For suppose the theorem untrue. Let A, be an element of (A) not interior 
to (£,), and let ( Z,,,) be the first of the (#,) to which A, is interior. Let A, 
be an element not in ( #,),j=n,; and let ( £,,) be the first (£) to which A, is 
interior. Continuing this process indefinitely, as we may in case the theorem 
is untrue, we obtain an infinite sequence of elements A,, such that (£,,) is the 
first (£) to which A, is interior, and x,>n,,. The sequence A, has a limit- 
ing element -4, which is itself interior to some (/), say (#,). We may sup- 
pose A is the only limiting element of the A,, for, if not, a partial sequence can 
be selected out of the A, which has A as its only limiting element and for which 
the essential properties of the A, are preserved. Since A is then the only lim 
iting element of the A,, it follows from Theorem 1 that all but a finite number 
of the A, are interior to(#,). This shows that the original process is falla- 
cious, since n, = ¢ for all sufficiently large values of i. Hence the theorem as 
stated must be correct. 

4. Examples: The Hilbert Space. As an instance of a fundamental domain 
to which the preceding theorems apply we may cite, of course, any limited 
region of an ordinary space of one dimension (or in fact of » dimensions), with 
the usual definition of limiting point. In fact, any assemblage of points in x 

* The theorem is restricted to the case in which sets E; form a countable assemblage ; this was 
the original form of the BOREL statement, afterwards generalized, for real variables, by LEBESGUE 
and others. FRECHET gives (loc. cit., §§$36, 42) proofs for any domain of type (V ) (ibid., 
§ 27, et seq.), under restrictions on the definition of distance (voisinage) and of limiting 


element which include the conditions of this paper (ibid., § 28). The more general form of 
the theorem occurs in this paper as part of Theorem 16. 
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dimensions which is itself closed may be chosen as the fundamental domain (D). 


Such a domain evidently has the property that the first derived assemblage of 
any subset ( £’) is closed. A more characteristic example, in which the defini- 
tion of distance has nothing to do with the definition of limiting object is the 
Hilbert space of an infinite number of dimensions ;* the objects used are the 
points %,, ---,%,, +--+) with the restriction =x7=1. The definition of 


distance between two points is [ ]!; and the points (2'')), (2), 
-++,(a”), --- approach the point (x) as a limit if lim,_, 2; = x, for every 
value of i.t| This space evidently possesses the properties of $1; yet the 
set of points (2”) which approach (x) may all lie at unit distance from (2x), 
as in the example = 0 ifn 2,=0. Frfécner has given a 
definition of distance (voisinage) for which the preceding definition of limit 
points makes the distance between (a"’) and (x) approach zero.{ The preced- 
ing work shows that it is not always necessary to set up a definition of distance 
for the Hilbert space; for other domains of objects to do so might be very difficult 
or even impossible. 

5. Other Theorems. Another property of sets of real numbers which holds 
for a fundamental domain ( )) having the properties of section 1 is the following : § 

THEOREM 8. The set of elements at which the oscillation of any limited 
Junction f(x) is not less than a given number k is closed. Let S be any 
sequence of elements A,, A,, A,, ---, A;, --- whose only limiting element is 
A; let M,(A, n) be the upper limit of the values of f(x) at the points 
(p=1, 2, ---); then M(A)=lim,_, A, surely exists and is 
called the maximum of f(x) at A with respect to S. The maximum of f(x) 
at an element A is defined to be the upper limit of the maxima at A with 
respect to all possible sequences of elements different from A whose only limit- 
ing element is A. The minimum at A is similarly defined. The oscillation 
at A is the difference between the maximum and the minimum. || 

Let Z be a limiting element of a sequence A,, A,, ---, A,, --- such that 
the oscillation of f(a) at A, for all values of x, is not less than &. If the 
maxima M of f(a) at A, are not less than a fixed number // for an infinite 


* HILBERT, Wesen and Ziele einer Analysis der unendlichvielen unabhingigen Variabeln, Rendi- 
conti del Circolo Matematico di Palermo, vol. 27 (1909). Also see HILBERT’s Mitteil_ 
ungen iiber die Grundziige einer allgemeinen Theorie der linearen Integralgleichungen (vierte und fiinfte ) 
Goéttinger Nachrichten, 1906. 

Palermo Rendiconti, loc. cit., p. 3. 

{ FrecHET, Nouvelles Annales de Mathématiques, 4th series, vol. 8, March and July, 
1908. Strictly, by the wording of pages 1 and 23 (July), it would appear that the Heine-Borel 
theorem does not hold for the Hilbert space ; this is however only due to a change of nomencla- 
ture, as a closer inspection enables the reader to prove. 

§ Compare, for example, BAIRE, Legons sur les fonctions discontinues, p. 73. 

|| Compare BAIRE, loc. cit., p. 70; and a paper by the writer, Bulletin of the American 
Mathematical Society, vol. 13 (1907), p. 378. 
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number of values of 7, it follows that the maximum J/, of f(x) at Z is not less 
than /7; for if n,,n,,--+,m,, +++ are the values of n for which M, = H, we can 
select a set of elements A\!’", Ay’, ---, AY’, --- which approach A,,, and for 
which 7'(a) exceeds //— e, where ¢ is an arbitrarily small fixed number inde- 
pendent of 7. Since L is, by section 1, in the first derivative of AY), the maxi- 
mum at Z is not less than //. 

Likewise if the minima m, of f(x) at A, are not greater than A for an infi- 
nite number of values of n; the minimum m, of f(«) at Z is not greater than 
K. Suppose that the maximum J/, and the minimum m, of f(a) at Z differ 
by &—46. Then there are surely only a finite number of values of n for 
which M, exceeds M, + 6 and only a finite number of values of n for which m,, 
is less than m,— 5; hence there are only a finite number of values of 7 
for which 17, — m, exceeds & — 28, which is contrary to hypothesis. Therefore 
the oscillation, JJ, — m,, of f(a) at Z is not less than /; and the theorem is 
proved. It results also from the proof just given that *: 

THEOREM 4. The maximum of f(x) is itself a function which is semi- 
continuous above ; and the minimum is semi-continuous below. 

Another theorem which remains true is: 

TueoreM 5. The frontier of any set is closed. 

The frontier of a set (/) of (D) is defined to be the elements of (’) which 
are limiting elements of elements not in ( #’) together with the elements not in 
( £) which are limiting elements of elements of (#). Let A be any limiting 
element of elements of the frontier. If A is a limiting element of frontier ele- 
ments f,, f,, --+5,, +++ which belong to ( /), each /, is a limiting element of 
elements not in /; hence A is a limiting element of elements not in #. Hence 
A is a limiting element of elements of ( Z’) and also of elements not in ( /); it 
is therefore a frontier element. A similar argument applies in case A is a limit- 
ing element of frontier elements not in ( /’). 

That the several theorems proved above hold true without any restrictions on 
the definition of distance, or any connection between that definition and the 
definition of limiting element, is especially remarkable because the proofs of the 
analogous theorems for real numbers apparently make essential use of the dis- 
tance notion. That such is the case, however, is demonstrated here by the 
entire absence of any definition of distance. 

It is also clear that the property emphasized in section 1 — that the derivative of 
any set be closed — may be used to characterize a type of domains (with assigned 
definitions of limiting elements) which have in common some fundamental 
properties. 


* Compare BAIRE, loc. cit., p. 72. 
+ See SCHOENFLIES, Bericht, loc. cit., p. 289. Compare, however, VEBLEN, these Transac- 
tions, vol. 6 (1905), p. 167. 
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Another important theorem which follows from these same assumptions 
occurs incidentally in the next section. 

6. Enclosable Domains. In the theory of linear point sets the following 
statement may be taken as an axiom: If the interval (A,, 2,) is interior to the 
interval (A; ,, B,_,) and if the distance A, B, approaches zero, there is a single 
point common to all these intervals. 

We shall now assume the analogous property: Corresponding to any element 
A of (D) there exists a countable set of closed assemblages Q,( A) which 
contain the single common interior element A, and which have the following 
properties : 

(a) Q,(A) is interior to 


(b) Corresponding to any integer m an integer n exists, such that, for any 


point B whatever, any Q, which contains B is interior to Q(B). 

When the domain J) with its definition of limiting element satisfies this 
requirement, we shall say that D has the enclosable* property. All of the 
assemblages (J are supposed to be selected now, and are held fixed in all that 


follows. Any Q, is said to be of rank i. 

Several consequences of these assumptions may be stated at once: 

Lemma 1. The fundamental domain (D), if it contains more than a single 
element, is perfect. For any isolated point of ( 2) is “ interior” to any assem- 
blage whatever. And (J) is closed, by its definition. 

Lemma 2. Jf A, is interior to Q,( B), for all values of i, B is the only 
limiting element of the elements A,. For since B is the only element interior 
to all the ();( B), any element C’ distinct from # may be enclosed in Q(C), 
so that @,(C’) and (,(B) have no elements in common for sufficiently high 
values of i andj. Then the lemma follows from Theorem 1. 

It follows also from Theorem 1, that a necessary and sufficient condition that 
Lim;_, A; = B is that at least one of the A, lies in Q(B) for every value 
of j- 

Lemma 3. Jf a sequence A, have the single limiting element B, corre- 
sponding to any fixed integer m, an integer N exists such that B is interior 
to Q,,(Axy,) for all values of p. 

For a given m select n by (b); since Q(B) contains A,,,, where N is 


+p 


determined by Theorem 1, Q(B), and therefore PB itself, is interior to 
by 

Lemma 4. If B is interior to (FE), a number m exists such that any Q,, 
which contains B is interior to (E’). 


* My attention is called to the similarity between this hypothesis and that given by VEBLEN 
for point sets, these Transactions, vol. 6(1905), p.168. The notion of uniformity of enclosure 
is essential in both cases. It is suggested that the word ‘‘enclosable’’ might read ‘‘ uniformly 
enclosable’’ ; the former term is retained here, however, for simplicity. 


| 

| 
| 
| 
i 
—— 


290 E. R. HEDRICK: PROPERTIES OF A DOMAIN [July 


For let 2, be a point of Q,( B) which is not interior to(#). By Lemma 2, 
Lim,_, 2, = B, and all but a finite number of the 72, are interior to (2) by 
Theorem 1. It fellows from (b) that m exists as stated in the theorem. 

Lewma 5. Jf B is interior to (£) and if Lim,_, A; = B, where A, is an 
element interior to a certain assemblage Q’, of the type Q, for every value of 
i, then n exists such that Q’, , is interior to (2) for all values of p. 

For Q;,(A,) contains B and lies in ( #’) fori =m, 7 = N by Lemma 4 and 
Lemma 3. Corresponding to m, a number n exists, by (b), such that any Q, 
which contains A, is interior to Q,,(A,); hence Q/, is interior to Q,,(A,,,) 
and therefore to (/’), if also n= N. 

THeoreM 6. Jf any sequence (J of assemblages of the types Q, 
(i=1,2,3,.---,n, ---) are such that Q, is interior to Q_,, there is one 
and only one point B interior to all Q,, and also Lim,_, A;= B if A, is any 
element interior to Q.. 

For if A, is interior to Q the sequence A, has at least one limiting element, 
B,and B is interior to every Y. Any other element C distinct from B can 
be enclosed by @,(C’) so that Q,(C’) and @,( 2B) have no elements in common. 
But Q,( 2B) contains Q, for some value of k, by Lemma 5; hence Q,(C’) con- 
tains at most a finite number of the points A,. It follows that B is the only 
element common to all the Q,, and is the only limiting element of A,. 

THEOREM 7. (Cauchy Fundamental Theorem.) The necessary and 


sufficient condition that the sequence A, have a single limiting element is that, 


corresponding to any arbitrarily assigned value of i, a number n exists such 


that, for all values of p, all the elements A are interior to a single 


assemblage of the type Q.. 

The condition is necessary. For if Lim,_, A, = number m exists by 
Lemma 3, such that @,(A,,) contains B; hence @,(A,,) contains A,, for 
sufficiently high values of x, by Theorem 1. 

The condition is sufficient. For if Q; contains A,,,, the sequence A, has 
at least one limiting element B; if there were another such limiting element 
OC, Y,(C) and Q,( 2) would contain no common element for sufficiently high 
values of 4; but @,( 2) contains Q,, by (6), for sufficiently high values of i, 
whence (),(C’) contains at most a finite number of the elements A,, and is 
therefore not a limiting element. 

THeoreM 8. The set P of elements of condensation * of any condensed + 
assemblage E is either vacuous or perfect. 

It can be shown that P is closed without the assumption of the enclosable 


* A limiting element is an element of condensation if it remains a limiting element after any 
countable assemblage is removed. See FRECHET, loc. cit., p. 6, § 8. 

t A condensed set is one for which any non-countable set of elements gives rise to at least one 
point of condensation. See FRECHET, loc. cit., p. 19, footnote. 
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property. For let A be a limiting element of elements of 7’, then A belongs 
to (Z’), since P belongs to ( £’), and ( £’) is closed. If a countable set of 
elements are removed from (#’), P remains intact; hence A remains a limit 
point of P, and A remains a limit point of the remaining (#7). Hence A 
belongs to (/’).* 

Let us now show that (/’) is dense on itself; let A be any point of (P). 
Surround A by a set of assemblages (Q,). Then there are an infinite number 
of values of i, i,, i,, ---,%,, --+, for which a non-countable set of elements of 
( £) are interior to (Q,_,), but not to (Q,), since otherwise a value of i exists 
for which only a countable set of elements of ( £’) are interior to (,, and this, 
by Theorem 1, contradicts the hypothesis that A belongs to(P). Since ( /) 
is condensed, there is therefore at least one element of (/’) in Q, _,, but not in 
Q;,.15 for all values of i,. Let these be p,, p,, --+,p,, +--+. Then A is the 
limit point of p,, by Theorem 6. 

THEOREM 9. The set of elements (C) of any condensed assemblage ( FE’) 
which are not elements of condensation is countable. 

For every element / of (C’) is such that no element of condensation lies in 
Q,(%), where i can be found when & is given. The set of elements (C,) for 
which 7 has the same fixed value is countable, for otherwise an element of con- 
densaticn p determined by (C’,) would lie in Q,(%) for some element k& of (C,), 
by Lemma 8. Hence the entire assemblage (C) is countable. 

It follows that every CLOSED condensed assemblage ( E’) consists of a count- 
able set and a set which is either vacuous or perfect. The conclusion is still 
valid if ( £) is not closed but contains all its points of condensation. 

Finally, any condensed assemblage ( /’) consists of a countable set and a set 
of which every point is a point of condensation ; the latter set is dense on itself. 

With a modification of Fréchet’s proof (Thesis, p. 20) similar to the modi- 
fication of Lindelof’s proof + of Theorem 9 above, it can be shown that 

THEOREM 10. The elements of any assemblage (FE) which do not belong to 
its first derived assemblage (E) form a countable set. 

Hence, if any derived assemblage is countable, the original assemblage is 
countable. 

Precisely following the proofs of Fréchet (Thesis, pages 20-22) we may now 
show that: 

THEOREM 11. Any closed assemblage (EF) is the first derivative of some 
assemblage selected from (D). 


THeorREM 12. Any closed sub-assemblage (F') of an assemblage (FE) can 
be formed from ( E’) by omitting from (£) the points interior to a countable 
number of the assemblages Q. 


*See FRECHET, Palermo Rendiconti, vol. 30 (1910), p. 23, footnote. The closure 
property of section 1 above is the principle needed in FRECHET’s thesis, p. 19, § 29. 
t BorEL, Lecons, page 5. 
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On account of its importance in what follows we shall repeat Fréchet’s proof, 
which requires alteration in certain details, in the following special case : 

If we select (/’) to be vacuous and ( #’) = (D), it results that 

THEOREM 13. LFvery point of (D) is interior to at least one of a countable 
set of assemblages Q.* 

Select some ( at random, say (J. Then any point A of (D) not belonging 
to ( has the property that Y,(A) has no point in common with Q for suf- 
ficiently high values of i. We shall show that there exists a countable set of 
elements of (D): 

AM, «++, Am; AD, Al; AM), .--, ..- such that 
(a) Y, (A) has no point in common with Q, and (0) any element of (D) 
belongs to or is interior to ( for some values of x and j. For sup- 
pose the process carried out to any stage, so that the points up to <A‘?»;" are 
selected. Suppose A exists such that Q (A) contains no point in common with 
and that A is not interior to Q,(A\/’) fork <n. Take this A to be 
and select another A of (D) which has the same properties and which is not 
interior to @(A‘'’). Continuing in this way, form A‘, A”, .--. This 
suite is finite, for if not the limit point A‘ would exist and @ (A,) would 
contain A\’’ by Lemma 3, and therefore also A‘”“*”), by Theorem 1, for suf- 
ficiently high values of m. 

This completes the proof if we note that every point of (” is interior to that 
Q which precedes ( in the sequence of ()’s which belong to the same point A, 
as does Q”. 

Since every Q (A‘/)) may be replaced by Q,, where k << x, since Q ( 
is interior to Q,( A‘/)), it follows that every point of ( J) is interior to at least 
one of a countable set of assemblages (), of the same rank, k. 

But, in the preceding proof, all of the points up to and including A‘”»-” may 
be omitted ; hence it follows that 

THeoreM 14. Every element of the fundamental domain (D) is interior 
to a countable number of the assemblages Q,, for any preassigned value of k. 

Hence also, by Theorem 2, every element of (2), or of any closed subset 
of D, is interior to a finite number of the assemblages Q,, for any preassigned 
value of k. 

THeoreM 15. The domain (D) itself is the first derived assemblage of a 
certain countable set of its own elements ; that is, (D) is “ separable.” + 

For let us take the set of elements 


A,; A”, Air ; A} ; 
defined in the proof of Theorem 13, and the elements 
A,,; A 


*See FRECHET, Thesis, p. 25. 
t See Thesis, p. 23. 
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obtained in the same proof by omitting the points A)’, .--, A,” and by 
choosing Q° to be at least of rank k + 2, as in the proof of Theorem 13. All 
of these points form a countable set ; we shall show that any element of (J) is 
a limiting element of this set. 

For let A be any element of (D). By Theorem 13, A is interior to 
Q), ( A‘) for definite values of n and j7. With this fixed value of n, let us select 
m by Lemma 4 so that any Q which contains A lies in Q,( A’). Then 
choosing k= m, select r so that A lies in Q,,,(A\j’.»,). Proceeding in the 
same way, we may locate A in the interior of a sequence of assemblages ("’, 
Q”, --- such that Y™ is of higher rank than (‘"-" and interior to it, and 
such that Q contains a point A” of the countable set selected above. It 
follows, by Theorem 6, that Lim,_, A“ = A. 

CoroLuary. Any subset of (D) which is dense on itself is contained in 
the first derived assemblage of a countable set of its own elements. 

THEOREM 16. Let ( £) be an assemblage, each of whose elements is inte- 
rior to at least one of a family (H) of assemblages I, where (H) is not 
necessarily countable ; then the necessary and sufficient condition that every 
point of (£) is interior to at least one of a finite number of the assemblages 
Lis that ( E) be closed. 

The condition is sufficient. For, since every element e of ( /) is interior to 
some assemblage J, there is an upper limit to the value of x for which @ (e) is 
not interior to some 7. If not, let e,, e,, ---,¢,, «++ be a set of elements of 
(£) such that Q(e,) is not interior to any J. Let e, be one of the limiting 
elements of e,; we may suppose without loss of generality that the e, have been 
already selected so that lim,_,e,=e,. Let J, be an assemblage of ( //) to 
which ¢, is interior. Then Q,,,(¢,,) is interior to J, for sufficiently large 
values of n, by Lemma 5. 

Let VV be the upper limit on n for which @(e) is not interior to some J. 
Select the finite set of assemblages Q of rank V + 1 for which every point of 
( D) is interior to some Q,y,,, by Theorem 14 and Theorem 2. Let Q"', Q”, 
-++, Q” be the subset of these Q’s each of which contain at least one point of 
Select J” such that Q” is interior to J; then every point 
of ( /) is interior to one of this finite set of Z’s. * 

The condition is also necessary. For if (/) is not closed, let e,, e,, ---, 
e., +++ bea set of elements of e whose only limiting element ¢, does not belong 
to (#); and consider the family (77) of assemblages J, whose elements belong 
to (£’) but not to (e,). Not all the points e,, and, fortiori, not all the 
points of ( Z’) can belong to a finite number of the Z,, by Theorem 7. 


n+p 


* This proof follows in spirit that of FRECHET, Thesis, p. 26, but in style it follows a proof by 
BAaGNERA, Rendiconti del Circolo Matematico di Palermo, vol. 28 (1909), p. 244, 
which is essentially the same as FRECHET’s. 
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THEOREM 17. Every non-countable assemblage (EF) of (D) is condensed. 

Given a non-countable set of elements of ( /), at least one of the finite set of 
assemblages (, of rank /, to at least one of which each point of ( /’) belongs, 
contains a non-countable set of elements of (#). Hence a sequence Q', Q?, 
Q?, ---, Q”, of the type Q exists, such that Q” is interior to Q"—'’ and that 
(” contains a non-countable set of elements of (#7). Hence, by Theorem 
6, a point A exists which is the only point interior to all of the Q” and which 
is a point of condensation of (7). 

From Theorems 9 and 17 we now conclude: 

THeorEeM 20. very closed assemblage (E) consists of a countable set 
together with a set which is perfect. 

We have now proved a set of theorems analogous to the principal fundamental 
theorems of the theory of bounded sets of points ; for these the only assumptions 
made were those of $1 and $6. The hypothesis that the first derived assem- 
blage of every set is closed is therefore seen to be a fundamental hypothesis of far- 
reaching character. The fundamental domains which possess that property 
include many important examples besides the original bounded sets of points, 
and have characteristics in common which make that class of domains one of 
great importance. 

It should also be noticed that the enclosable property of section 6 is possessed 
by all ordinary domains under any of the usual definitions of distance, if Q;(A ) 
be taken to be the spheroid about A as center, with radius 1/7. 
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IMPORTANT COVARIANT CURVES AND A COMPLETE STSTEM OF 
INVARIANTS OF THE RATIONAL QUARTIC CURVE* 


BY 
J. E. ROWE 


Introduction. 


It is well understood that different domains of rationality are useful in dis- 
cussing different properties of curves. Two domains are employed in the fol- 
lowing, to render possible the geometric interpretation of certain invariants and 
covariant loci of the rational plane quartic. 

Section 1 is divided into two parts: In the first part is given a straightfor- 
ward proof of the covariance of curves derived from /?" by a certain translation 
scheme; in the second part SALMON’s work on the combinants of two binary 
quartics is applied to those covariant curves of the /?* which can be found as 
combinants. In Section 2 the most important invariants of the /?' are dis- 
cussed, and four invariants are found in terms of which any other invariant 
relation on the /2* can be expressed algebraically; in this sense these four in- 
variants constitute an algebraically complete system. Secticn 3 contains a 
treatment of the invariants of the /?* when the /?* is taken as the section of 
the Steiner Quartic Surface by a plane; in this scheme the invariants occur as 
symmetric functions of the coefficients of the cutting plane. 


§$1la. Certain Covariants of Rational Curves. 


Let the rational curve of order n, which may be called 2", be written para- 
metrically 
(1) (i=0,1,2). 
If (1) is cut by two lines 


(2) ( Ex) Ex, = 0 
and 
(3) (97) = + 1.7, + 12%, = 9, 


the results of this operation are the two binary 7-ics 
(4) (a&)t" + (bE) + (cE)? = 0, 


* Presented to the Society, September 6, 1910. 
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(5) (an)t" + (bn) t'"' + (en)t"? = 0, 


which yield the x parameters of the points in which the lines (2) and (3) cut 
the curve. 

The combinants of (4) and (5) are expressible as rational functions of the two- 
rowed determinants of the matrix 


(a&) (b&) (c&) (d&)--- 
(an) (bn) (en) 


But if in any two-rowed determinant of (6), the quantities x,, 7,, #, are substi- 
tuted for the coordinates of the point in which (2) and (38) intersect, the result 
may be expressed as a three-rowed determinant. For instance, 


(6) 


0 
(aé) (bE) 
(7) =a, 6, 2,| =|abe|; 
(an) (6n) 
2 


and evidently the other determinants of (6) assume similar form. Consequently, 
by means of the above translation scheme * from the combinants of (4) and (5) 
certain loci are derived which are related to the 72" in a special manner. Certain 
sets of points on the /?* defined by some projective relation are connected in this 
way with a point of the plane, namely, the intersection of (2) and (3). This 
fact alone warrants the assertion that loci related to the #2" in such a manner 
are covariant curves ¢ of the 2". But it is important to give an actual alge- 
braie proof of this fact. 

In order to prove formally that these curves are covariants, it is sufficient to 
show that they are unaltered by any linear transformation of the 2’s or ?¢’s. 

Let the transformation of the «’s be 


(8) = la, + + (é=@, 3, 3}. 


After this transformation (1) assumes the form 


(9) = (1,4, + m,a, + n,a,)t" + + mb, + +++, 
or 
(10) wv, = + 


where (/,a) =/,a, + m,a, + n,a,, ete. 


* GRACE and YOUNG, Algebra of Invariants, pp. 314-318. 
+t GRACE and YOUNG in the place already referred to have practically proved that such loci are 
covariant. 
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From what has been stated the combinant curves of (10) are expressible as 
sums of terms, each term being of the same degree in determinants of the type 


(1,b) (Ix) 
(11) (1a) (1b) (Ua). 

(4,4) (1,6) (1,7) 
But by the theorem for the multiplication of determinants (11) becomes 
(12) |2mn | | aber | ; 


also each three-rowed determinant of the type (11) formed from (10) is equal to 
the product of |/mnj| by the corresponding determinant formed from (1). 
Hence, as |/mn| factors out of each term of the combinants of (10) to the same 
degree, these curves are unaltered by a transformation of the x’s. This is a 
property which is possessed by any homogeneous function of the determinants 
of the type |abx|; however, not every such function is a covariant. * But if 
such a function is also unaltered by a linear fractional transformation of the 
parameter ¢, then such a function is a covariant. Therefore it remains to 
show that combinant curves possess also this property. 
Let the transformation of the ¢’s (¢ = ¢,/t,) be 


(12) t, = m,t, + m,t,, t, =1,t, + 1,t,. 
Transforming (1) by means of (12) we obtain 
(13) +b (#=0, 1,2). 


If we cut (18) by the two lines (2) and (3) we shall obtain two binary n-ies, 


(14) (BE)... = 0, 
and 
(15) (a'n)t*+ --- =0. 


But (14) and (15) are exactly what we should have obtained by operating upon 
(4) and (5) with (12). However, the combinants of (4) and (5) are unaltered 
by any such transformation as (12); hence the combinant curves are unaltered 
by a transformation of the parameter t and are covariant curves of the R”. 
All loci obtained in the manner indicated are covariants, but other covariants 
oceur which cannot be derived as combinants. 

Salmon * has discussed the combinants of two binary quartics from an alge- 
braic standpoint and we shall apply his result with some extensions to a study 
of those covariants of the /?* which can be derived in this manner. 


* Higher Algebra, third edition, pp. 200-206. 
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$16. Covariant Curves of R* as Combinants. 
Let the equation of the 22‘ be written parametrically 
(16) av, = + 4b.0 + + + e; (i=0, 1, 2). 
If the /?' is eut by the two lines (2) and (3) we obtain the two binary quartics, 
(17) Um (abt! + 4 + 6 + 4(dE)t + =0, 
(18) V =(an)t' + 4(bn) 6(en)? + 4(dn)t+(en)=9, 


giving the parameters of the points in which (2) and (38), respectively, cut the 
eurve. Considering the w and v above to be the same as those of Salmon * by 
reason of (5) and (7) we have 


a=(ab)=\abx|, a =(de)=\dexr|, B=(ad')=|adx|, B’=(be')=| bex|, 
(19) y=(ae')=!aexw|, A=(ac’)=lacx|, =(ce’)=|cex|, 


(be) =| bex , 


Consider the pencil u + Av asa single binary quartic, substitute its coeffi- 
cients in its two invariants g, and g,, and let the resulting quadratic and cubic in 
K be written 


(20) and 7 


the quadratic gives those two values of A for which « + Av becomes a self- 
apolar quartic; and the cubic those values of A for which uw + Av becomes a 
catalectic quartic. 

Equating to zero the discriminant of the quadratic of (20) and making the 
substitutions (7), we have 


A =| aex|* + 16|bdx|*? + 12) | — 48 | bex||edx| — 8| abs | | dex| 


(21 


which is the locus whose tangents cut /?‘ in self-apolar sets of points. If the g, 
of (4) were fornred it would be the envelope of lines which cut /?* in self-apolar 
quartics. Hence A is the point equation of the conic g,. A line which cuts 
?‘ in three consecutive points is a line of A, for the g, of a quartic having a 
triple root vanishes. Consequently the six inflexional tangents of R' touch A, 
and indeed A is often spoken of as the conic on the six inflexional tangents of /?*. 
The condition for w and v to have the same apolar cubic, or that each may be 
expressed linearly in the same three fourth powers, leads to a second combinant 
which with the substitutions (7) becomes 


* Higher Algebra, third edition, pp. 200-206. 
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— — cdr 
ber bex abe | dex =Q. 


This conic may be identified with the conic which Stahl* gives parametrically : 
it is the locus of the vertices of flex-triangles of all first osculants. 

The eliminant of w and v expresses the condition for a common root or the 
condition that they intersect on the curve. Hence by reason of (7) /? becomes 
the point equation of the /?*. 

The Jacobian of u and v is 


(23) at® + + (388 + + (y + 4+ (88 + 4+3rAt4+ 0¢=0. 


By a well known property of the Jacobian (23) gives the six tangents from a 
point to #'. The condition that these form a self-apolar set is 


(24) — 401, = A +48B. 


Consequently the locus of points such that tangents from them to J?‘ form self- 


apolar sets is the conic 
(25) A+48B=0. 


Further we find that the following relation holds 


where J, and J, are the well known invariants of the sextic (23). But 
Iz- 100/, = 0 fu a sextic which has either a triple root, or a double root 
and the othe four forming a self-apolar set. Consequently such points lie on the 
quartic curve 


(27) (A—16BY—R=0. 


The points on # which behave in this manner are on the conic A—16B=0. 
Hence the six flexes and the two points g, (which have the property that tan- 
gents drawn from them to /?‘ form self-apolar sets) lie on the conic 


(28) A—16B=0. 


It is worthy of notice that the above not only gives an easy way to write 
down the equation of the conié on the flexes but is an independent anaty tient 
proof that they do lie on a conic with the two points g,. 

Salmon’s combinant equation C = 0, expressing the condition that a member 
of the pencil w + Av can have two squared factors, and from our standpoint the 
locus of points such that lines drawn from them cut the 22‘ in quartics which 


*W. STAHL, Journal fiir die reine und angewandte Mathematik} vol. 101 (1886). 
+ I, = 0 is the self-apolarity condition of (23). 
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have two squared factors, can be nothing else than the point equation of the 
four double tangents of the #*. Since it may be written 


(29) 128C =(A—48B)— R, 


it is evident that the conic on the eight points of contact of the four double 
tangents is 


(30) A—48B=0. 


Forming the Hessian of the cubie of (20) and requiring it to be apolar to 
the quadratic of (29) yields a combinant which may be expressed thus, 


(31) 1287= R—(A—16B)(A+48B). 


When 7 = 0, the /?* breaks up into two conics. If the two lines from a point 
which cut the /?' self-apolarly are apolar to the Hessian pair of the three lines 
which cut /2* in catalectic quartics, then J vanishes; therefore together with 
(7) it gives the locus of such points. 

Forming the third transvectant of « and v we get a quadratic in ¢ whose dis- 
criminant vanishes on the locus 


32) A—12B=0. 


This may be identified with Stahl’s conic V. The first osculant of 7?‘ at a point 
¢ is an 72° and therefore has three flexes on a line. The equation of this flex- 
line is a quadratic in ¢ and the discriminant of this quadratic may be identified 
with (32). Or writing the /?* symbolically 


(33) (a&)(at)* =0 and (b€)(8t)*=9, 
then taking the third transvectant we have 
(34) | ||a8|*( at )(Bt)=0, 


which is the conic V given parametrically. Of course the letters in (33), (34) 
are only symbols and must not be confused with the same letters already used 
with different meanings. 

The eliminant of the cubic and quadratic of (20) is the condition for such a 
K, to exist that « + A,v =0 has roots that are both self-apolar and harmonic 
pairs. But a quadratic for which g,= g,= 0 has a triple root, and therefore 
with (7) Salmon’s J) = 0 becomes the equation of the six flex tangents of the /?*. 

The combinant £’, the discriminant of the cubic of (20), evidently yields the 
locus of point whose lines cut /?' in catalectic quartics. It is therefore the point 
equation of the gy, of equation (4). 

Suppose that the polar of the quadratic of (20) as to the cubic of (20) is ¢,, 
and the polar of ¢, as to the quadratic is ¢,, by using the cubicovariant of the 
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cubic instead of the cubic itself we obtain ¢, 


The condition for ¢, = 0 and ¢) (or ¢; and ¢,) to be the same is the combinant 


and ¢, by the same operations. 


M, and by using (7) we have the locus of such points. 


Before leaving covariant curves we observe that from Salmon’s identities 


(35) B(A-—16B), 
and 

(36) 1287 = R—(A 4-48B)(A—16B), 
it follows that 

(37) PR]. 


Consequently,* twelve of the intersections of the flex tangents of IR‘ and E lie on 
the conic B. 
Also from (26) and (37) we have 


(38) 320(D— E) = B[(A + 48B)?— 1007]. 


If J, = 0 (i. e. if tangents drawn from any point to /‘ form a catalectic set), 
the intersections of D and £ lie on two conies ; the flex tangents touch / along 
A + 48B-= 0 and intersect F along B. This particular /?' is of the lemniscate 
type. 


§ 2. Invariants of R* as Combinants of the Fundamental Involution. 


If the 72* be referred to a special triangle of reference its equations are 


+ 4b#°, 


(1) =4dt+e, 
w, = + + 4dt. 
The condition for 72‘ to have a triple point,} or the condition for 72‘ to have 
a perspective point for (1) becomes 


(2) Bi + 256ab? d?e — 96a’ cd’? e — 96ab> ce? — 16a? bde? = 0. 
If the g, of u of Section 1 is found for (1), its discriminant multiplied by 
eight may be written 


(3) A, 


= — 6¢ — 960 ed? + + 48ube?de — = 0. 


Since the six inflexional tangeuts are lines of the conic g,, A’ vanishes when the 


f* has three concurrent flex tangents. 


*See THOMSEN, American Journal of Mathematics, vol. 32 (1910), p 
7 W. STAHL, Mathematische Annalen, vol. 38 (1891) ; Gross, Mathematische An- 
nalen, vol. 32 (1888). 
Trans. Am. Math. Soc. 21 
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Calculating the conic on the flexes from the preceding section for (1) and 
taking its discriminant, we have 


= 256 ed*e?)* — 64( ae? de?) + 382( ate’ de’) 
(4) — 192a°b?c? — 5120° c? de? + 128 be’ d* ) 
— 32a*betde® — = 0. 


Since it is known that if an 22‘ has three flexes on a line it has a fourth, C’= 0 
is the condition for four collinear flexes of the /*. 

These three invariants are independent, as may be shown in the following 
manner: A’ and B are evidently independent. Further if C’ were expressible 
in terms of A’ and B’, such a relation as C’ = XB” + wA’B would have to hold 
because C” contains no term in b‘ctd‘,i. e., B’ would have to be a factor of C’, 
but this is disproved by making 6 = 0 in (2), (3) and (4). Similarly D’ is 
shown to be independent of A’, B’, and C”. 

The condition for A — 168 in lines to be apolar to A in points we shall call 
R’, = 0, and we find that 


(5) 36R, +108C. + +104; B =0. 
If #7 =0 is the apolarity condition of A in lines to A — 168 in points, then 
(6) 6H+ A, Bi +8A>=0. 


The discriminants of A and B are known, and therefore, the discriminant of 
the whole pencil 


(7) A(A—16B)+yuA=0 
is 
(8) + + — AC 


But a more convenient formula than (8) is the discriminant of 


(9) (cA + dB) + + 16DB) = 0, 
which is 
|r” 
+ (d*(a+b) + 2bd(e+ d))R, — | 
+ (2bd(a+b) + | 


+[—(a+ bf AP + (a4 b)PR,— |p? =0. 


* The expressions in parentheses carry with them their conjugate expressions. 
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By substituting proper values in (9) and (10) any invariant of any member of 
the pencil of conics may be easily found. For instance, by a method to be given 
presently the discriminant of 2B* is found to differ only by a numerical factor 
from the undulation condition. Hence by substitution in (9) and (10) the undu- 
lation condition is 


(11) H— A’ 


or by reason of (5) and (6) 
(12) 144C + +24))? 


Also the invariant whose vanishing is the condition for three concurrent double 
tangents is the square root of the discriminant of the conic A — 12 BP, or at least 
it differs only by a factor. Hence the condition for A — 12B to degenerate is 


(13) 
and for three concurrent double tangents, 
(14) B,+6A;,=0. 


The conic A — 16B meets /* in two points g, besides the six flexes. By sub- 
stituting (1) in A —16B and comparing with the sextic giving the flexes we 
find a quadratic giving the q’s. Its discriminant is 


(15) +84" =0: 


hence (15) is the condition for the q’s to unite. 

Having taken the /?‘ in a workable form to find relations among its invar- 
iants, we shall now give the most important invariants in their most general 
forms. It is well known that all line sections of the /?‘ are apolar to a pencil 
of quartics which constitute the Fundamental Involution. From the theorem 
of Grassmann } on the proportionality of determinants it follows that the com- 
binants of the Fundamental Involution are invariants of the /?*. An easy 
method to pass from the combinants of line sections of an /?* to combinants of 
the Fundamental Involution is to replace each determinant by its complementary, 
i. e., |aca| and | bka| must be replaced by | bde| and | ace}, respectively, ete. Of 
course, allowance must be made for binomial coefficients. For instance, if these 
changes are made in the combinant B of Section 1b we have 


B = | bde||abd\ — | ade|| abe| — | bee! | abe 
— |acd\\ade| + | ace\*— |\cde|\abe| = 0, 
* This was proved in a different way by Dr. THOMSEN in his dissertation, Johns Hopkins 


University, 1909. 
{ W. F. MEYER, Apolaritat und Rationale Curven, § 11. 
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which is the triple-point condition for /2‘ written without binomial coefficients. 


Further, if these changes are made in A of Section 1) the result is —768 times 


the discriminant of A for #2‘ written without binomial coefficients. 


We shall summarize the results of these two sections in a table. 


Let (2') 


mean the /?‘ written parametrically with binomial coefficients and (/*) mean 
Ft‘ written in the same way without them. Also let A’ stand for the combinant 
A of the Fundamental Involution which may be derived from A as already 
explained. In the first column is given the name of the combinant of two line 


sections of ( /?*); in the second we have the locus resulting from the process 
explained in Section 1a; in the third is the same combinant of the Fundamental 


4 Involution giving an invariant of (/?*’) whose meaning appears in the fourth 
column. Also if A’ means an invariant of (/2') we shall understand that A; 


stands for the same invariant of ( 22‘), possibly differing by a factor. 


Evidently 


any such invariant as A, can be obtained from A’ by substitution of binomial 


96 | bed |, respectively, to obtain a multiple of A,. 


coefficients, i. e., |ede| and |bed| of A’ would be replaced by 24|cde| and 


Table of Related Invariants and Covariants. 


Combinant of 


two line sec- Covariant Curve of ( R*). 


tions of ( 
A Locus whose lines cut ( /?*) A’ 
in self-apolar sets. 
B Locus of vertices of flex A’s Rr 
| of 1st oseulants. 
C Product of 4 double tan- c” 
gents. 
' D Product of 6 flex tangents. Dy 
| Point equation of ( 2‘). 
E | Locus whose lines cut ( 
} | in catalectic sets. 
H A —12B | Locus of flex lines of Ist) A’—123B 
osculants. 
M Remote meaning. 


Combinant of | 
F. I. giving | 
an invariant of 


Condition for (R*) to have 


3 concurrent flex-tan- 


gents. 
Triple point. 


4 collinear flexes. 
Cusp. 
Undulation. 
Tac-node. 


Its 2 q’s unite. 


Skew invariant. 


For the purpose of deriving these invariants a special form of the /?* has 
been used; and after they have been derived, to identify them with the proper 


combinant of the Fundamental Involution is a comparatively easy matter. 


This 


was the case with A’ — 12 B’, which as a combinant of the Fundamental Involu- 


tion one would hardly have expected to give the condition for three concurrent 
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double tangents. On the other hand, forming the eubic of (8), Section 1a, of 
the Fundamental Involution, we have three catalectic sets associated with the 
double points; if two of these are the same we have a tac-node, the condition 
for which is £’ =0, and this would probably be a difficult result to obtain 
directly from the equations of the curve. DD’ = 0 is the condition for , /?*) to 
have a doubly perspective quintic, and therefore the condition for a cusp. 

Let the invariants A’, B’, C’, and D’ be called J,, and /,, respectively. 
These four invariants constitute a complete system in the sense that any other in- 
variant relation on the I‘ can be expressed in terms of them, i. e. any other inva- 
riant of the /2* is connected with these four by an algebraic relation. The proof 
of this fact depends upon a theorem due to Stroh,* which applied here says that 
every combinant of two binary quartics multiplied by the proper power of an 
invariant (which in this case is the undulation condition) is an invariant of a 
binary sextic.t In this ease J,(”)*, and 
T,( R*)* (where is the degree of an invariant) become J,, J., J,,, and 
J, of a binary sextic. But J,, J}, Z,, and J, are independent, hence J,, J,, 
J\,, and J,, are independent. Suppose then that there is an invariant J, of the 
f* which gives rise to an J,, of the binary sextic. Then we should have five 
invariants of a binary sextic, ow of which are ‘independent, and these are always 
connected by an algebraic relation. Consequently any J, of the /?* is algebraic- 
ally expressible in terms of the four invariants J,, 7;, J,, and J,. 


§3. Zhe R* as Plane Sections of the Steiner Quartic Surface. 


The invariants of the 2‘ may be treated very neatly by considering the 7/2‘ as 
plane sections of the Steiner Quartic Surface { which we shall call S*. 
The point equation of the S‘ referred to its trope _— is 


(1) V0, + Ve, =9; 
¢ 

we propose to cut this by the plane 

(2) (ax) = 1% + 2, + + = 0; 


in this manner any relation among the a's is of (2) yields a special /?', or the 
invariants of the /?* may be expressed in terms of the symmetric functions of 
the a’s of equation (2). 

For instance, any plane through the point (1111) cuts out an #* with a triple 
point and therefore the condition for an /?* with a triple point is that (2) be on 
 #E, StroH, Mathematische Annalen, vol. 34 (1889), pp 321-323. 

+ W. STAHL, Crelle’s Journal, vol 104 (1889), p. 302. 

+ The Steiner Quartic Surface may be obtained as the polar of a plane as to a tetrahedron. 
(1) is the polar of the plane (1111) as to ,£,£,¢, = 0. It is of the third class, fourth order, 


with an enveloping cone of order six. Hence a plane section is a curve of order four and class 
six—an R'. 
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the point (1111), which is a, + a, + a, + a, = 0, and this as a symmetric func- 
tion of the a’s is 

(3) S, =0. 

Any plane on a pinch point cuts out an £2‘ with a cusp; the six pinch points 
have the coordinates (1100), .--, (0011), hence we have an J? with a cusp when 
any one of the six factors of 


(4) + )(% + (% + 45) + + + = 0 
vanishes. Expressed in terms of symmetric functions, (4) becomes 
(5) S,S,S8,— S?— S?S,=0, 


which is the general condition for a cusp. Similarly when any two factors of 
(4) vanish we have two cusps, and by taking the product of the factors of (4) 
five at a time we obtain the condition for a second cusp after (5) has vanished. 
I find this to be 


(6) 28, S3 + S, S, + S? S, — S, S, =0. 

By the same argument, after (5) and (6) have vanished the condition for a third 
cusp is 

(7) S, S, + 828, + 83+ 2S7S,=0. 


If (2) is a tangent plane of (1), the point of tangency is a double point in the 
curve of the section. Nodes also occur where (2) cuts the double lines of the 
S*. The condition for an extra node is that (2) be a plane of (1). The plane 
equation of (1) is 


(8) (1/€,) = 1/8, + + 1/8, + =0. 
and hence the condition for an extra node, or for /* to degenerate, is 
(9) S,=0. 


The points where (2) cuts the trope conics are points of contact of the double 
tangents in the curve of section or the double tangent are the intersections 
of (2) and trope planes. Hence if (2) is on a vertex of the reference tetrahedron 
the corresponding /* has three concurrent double tangents. As this can occur 
in four ways, the condition for three concurrent double tangents is 


(10) S,=0. 


Evidently this could not occur twice unless (9) holds, in which case 7, 


degenerates. 
The line joining the two points where (2) cuts a trope conic is a double tan- 
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gent; if these two points come together the intersection of (2) and a trope plane 
becomes a line of the corresponding trope coni¢e and in the section this point is 
an undulation. Hence the condition for an undulation is that the intersection 
of (2) and a trope plane be a line of the corresponding trope conic. This may 
occur in four ways and the general undulation condition is the product 


4 

+ %., + 1, ) 0, 
or ‘ 
(11) S, S, S, = 0. 
By the same argument as in case of cusps, the condition for a second undulation 


after (11) has vanished is found to be 

(12) S? + S,S,S,— 
Also for a third, after (11) and (12) have vanished we have 
(13) S24 8,S,+258,=0. 


By the use of a result of Richmond and Stuart * the quadric associated with 
the S* containing all those points which in plane sections are flexes is found in 
our notation, 


(14) (aay + + + 2323) — — 22a,2,) = 


By its form the quadric in the second parenthesis touches the edges of the tetra- 
hedron at their mid-points, and in sections gives the points of contact of the 
double tangents. Knowing the meaning of (14) and of the quadric just men- 
tioned and recalling that they (or the corresponding conics in Section 1) are pro- 
portional to A —16B and 48 B— A, respectively, we see that the quadric 
a’ x* = 0 is the locus of points which in plane sections yields the conic which 
is the envelope of flex-lines of all first osculants, as it is proportional to A —12B. 

It is desirable to form the discriminant of the pencil of conics as has been done 
in Section 2. In order to do this in a way that involves the a’s symmetrically, 
we find the plane equation of (14) and substitute the a’s for &s. Thus by using 
a result of Salmon { after dividing out by S,, the discriminant of 


(15) — = 0 
is exhibited as follows, 
Siw S, 8, + 887) wr + 4(S? — 258, S3— wr? 
* Proceedings of the London Mathematical Society, series 2, vol. 1 (1904), pp. 


129-132. 
t Geometry of Three Dimensions ; p. 50, 7 67, p. 58, 279. 
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and (16) in the notation of Section 1 is the discriminant of 
(17) u(A—16B)+A(A—48B)=0. 


Equating (17) to A and substituting in (16) we find the discriminant of A 


to be 
(18) A, = 


therefore three flex tangents are concurrent if 


(19) S, S, 48, 

Or by equating (17) to B we find the discriminant of B 

(20) 4.362! + S; S, S, S, )= 0, 

but (20) is only a multiple of (11), showing that B degenerates when 72‘ has an 

undulation. 
If we identify (17) with 

(21) vA+ K(A—16B)=0 | 


we find that the discriminant of (21) is 
[3(S, S, —4S8,)]** + — 208, 8, 8,4 6485) 7K 
(22) + (6483 +48, S,8,)vK* | 
+ (8S, S,S, + S? 8? —458, S?)K*=0. 
Let us write equation (22) briefly as 
(23) Hy K+ = 0. 
The importance of (23) will appear later. 
If a point where a double line of S‘ cuts (2) is moved up to be a point of (14) 
we have brought a node and a flex together and have a flecnode; except that at 


the two pinch points which are on each double line we get cusps. 
The points where the double lines of S* cut (2) are 


a, + 7, = —(a4,+4,); 
9 
(24) = = 4, + = — (4a, + %,);3 
Ay» =i,= —(a%,+ 


Substituting these in equation (14) and factoring the cusp condition twice out 
each time, I find that the conditions under which a fleenode can occur are three 


expressions of the type 


(25) — )*(% + + (% — + = 0; 


i 
, 
| 
} 
| 
| 
‘ 
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i. e., the vanishing of any one of the three expressions of the type of (25) insures 


a flecnode. 
By arguments similar to those already used the general condition for a fleenode 


is shown to be 

(26) 82S, S, —4S? — 64834 SiS,S,—5S? S? 
SS, =0. 

The condition for a second fleenode after (26) is satisfied is 

(27) S?S?—168, S,S, + 48S? 4+ S38,— 488? =0. 

Also, for a third, in addition to (26) and (27) we find 

(28) S,8,—65S, =0. 


Obviously an /* cannot have three flecnodes without one of them being a biflec- 
node. The /? is cut in eight points by A — 1682 = 0: six of these points are 
flexes and the other two are the points g. For a fleenode, a g and a flex must 
come together; this could occur only twice and a third flecnode would require 
two flexes of the /‘ to cross, thus forming a biflecnode. 

The matter of biflecnode conditions is somewhat unsatisfactory. To find them 
we introduce a conic of fundamental importance. The conic 


(29) + xi + + + 2gu xr, + Zhe, x, = 0 

may be transformed by x, = 1/, into the #* referred to its nodal triangle, and 
its equation is 

(30) + + wat) + wx, + + x, = 0. 

It may be shown that the invariants of the 7‘ calculated directly from equation 


(30) are connected with the invariants we have found from the S* by the follow- 
ing relations 

y 

= a, a, a, +4, = 

of — 

(31) 

= %,— 4, + 4, —4,, 

2h =a,—a,— 4, +4,. 
The equation of a pair of nodal tangents may be written down from (30). If 
we impose upon each of these tangents the condition that it cut the /2‘ in three 
consecutive points the results are the conditions for a bifleenode. These opera- 


tions yield three pairs of equations of the type 


(32) An gf —hrxX + 


\ 


\) 


310 J. E. ROWE; THE RATIONAL QUARTIC 


where A = 0 is the triple-point condition and y = 0 is the cusp condition. Ruling 
out the vanishing of A or y, one such pair as (32) will vanish if only any two of 
the quantities (f/f, g, 4) vanish. A pair of conditions expressible in sym- 
metric functions of the a’s which are equivalent to these two conditions are 


3 

(33) = 0 and) = 0, 

and these are expressible as 

(34) 38S} —16S7S,+ 168} +168, S,— 64S, = 0, 

and 

(85) + 1687S? + 4883 + 16S8?S, — 648, 8, S, + 645; =0. 

It may be easily verified that the conic on the flexes degenerates when (34) 

and (35) vanish simultaneously. 
i 
d 
q 
4 
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AN APPLICATION .OF MOORE’S CROSS-RATIO GROUP TO THE 
SOLUTION OF THE SEXTIC EQUATION* 


BY 
ARTHUR B. COBLE+ 


Introduction. 


By making use of the fact that all the double ratios of » things can be 
expressed rationally in terms of a properly chosen set of » — 3 double ratios, 
E. H. Mooref has developed the “ cross-ratio group,” C,,,, a Cremona group 
in S_, of order n! which is isomorphic with the permutation group of n things. 
H. E. Stavenr§ has discussed the C;, in considerable detail. Both C;,, and 
C;, have been listed by S. Kanror.|| 

I have already pointed out that C,,, defines a form-problem which I shall 
denote by 7’?C,,,. The solution of PC,,, carries with it the solution of the n-ic 
equation, and I have worked out in detail the application to the quintie equation. 
After the adjunction of the square root of the discriminant of the n-ic, a new 
form-problem, ?C,,,., can be enunciated whose underlying group is the even 
subgroup C,,,. of C,,. It appears in the particular case, n = 5, that the solu- 
tion of PC;,. can be expressed rationally in terms of the solution of KLEIN’s 
A-problem.** The transition from the one problem to the other is accomplished 
by a very direct process which is suggested by simple geometric considerations. 
Explicit formule are always desirable, and these have been lacking hitherto in 
the solutions of the quintic equation in terms of the A-problem. By intro- 
ducing PC,,,. as an intermediate stage I have obtained such formule from the 
long known invariant theory of the binary quintic. 

* Presented to the Society, December 28, 1910. 

¢t This and allied investigations are being carried on under the auspices of the Carnegie 
Institution of Washington. 

tAmerican Journal of Mathematics, vol. 22 (1900), p. 279. 

§American Journal of Mathematics, vol. 22 (1900), p. 343; and vol. 23 (1901), 
p. 99. 

|| See his Theorie der endlichen Gruppen von eindeutigen Transformationen in der Ebene, Berlin 
(1895), p. 105, Type XIV; also Theorie der Transformationen im R,, etc., Acta Mathe- 
matica, vol. 21 (1897), p. 1, in particular, p. 77, Type LI. 

{ These Transactions, vol. 9 (1908), p. 396, cited hereafter as cl. 

**An explicit solution of the A-problem in terms of the icosahedral irrationality is found in 
cl, §5. 
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It is my object in this paper to determine whether any material advantage is 
gained in the solution of the sextic equation by the introduction of the form- 
problem of the cross-ratio group of six things, ?C,, or PC... The main 
result in this direction is found in § 2, namely, that after the adjunction of the 
square root of the discriminant A of the given sextic S, the PC,,,. and there- 
fore S itself has a rational resolvent sextic =. This resolvent = is of the gen- 
eral diagonal type, i. e., the fifth and third powers of the unknown are missing. 
This resolvent is not unknown, * and the main point of novelty here is the very 
natural way in which it is suggested by the C,,. 

In the first paragraph, the equations of generating substitutions of C;,, are 
derived, particular sets of conjugate points are considered, the invariant spreads 
of the group are obtained, and the form-problems of C,, and C,,. are set forth. 
The solution of the sextie S in terms of the solution of either of these form- 
problems is exhibited. In the second paragraph the solution of PC;,,, is 
expressed rationally in terms of the solution of the resolvent =. Some data 
concerning the history of = and its connection with a particular sextic ® of 
MASCHKE are reviewed. These data are correlated to some extent by a geo- 
metric interpretation. A solution of PC,, by means of hyperelliptic modular 
functions also appears. In the third paragraph the reduction of the solution 
of = to the solution of the form-problem PG,,, of the VALENTINER collineation 
group G,,,, in S, is outlined. The method there used applies equally well to the 
given sextic S,} so that the advantage which arises from the introduction of = 
is due only to the absence of two of its coefficients. But the rational functions 
of the coefficients required for the reduction to PG.,,, are of necessity so compli- 
cated ¢ that this advantage is important. 


$1. The Invariants and Form Problems of C,,. 


A sextic S with given roots z,, z,, ---, 2, cam be transformed linearly in such 
a way that z, becomes oo and the other roots become y,, y,, ---, y, respectively, 
where }>*y,= 0. The transformed roots y are determined to within a factor 
of proportionality. Their values in terms of the differences of the roots z are 


py,=21 36 46 56431 26 46 56441 26 36 56451 26 36 46, x—z,—x, 
py,=12 36 46 56432 16 46 56442 16 36 56452 16 36 46, 

(1) py,=13 26 46 56423 16 46 56443 16 26 56453 16 26 46, 
py,=14 26 36 56424 16 36 56434 16 26 56454 16 26 36, 


py,=15 26 36 46425 16 36 46435 16 26 46445 16 26 36. 


* See the references at the end of $2. 
| CoBLE, Mathematische Annalen, vol. 70 (1911), p. 337; cited hereafter as C2. 
{ An estimate of the number and order of these functions is found in c2. 
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The differences of the transformed roots ¥ are 


(2) p(y; 5-ik 16 m6 n6 (é, & m, 2, 


The system of values y subject to the relation, > y, = 0, can be interpreted 
as the homogeneous covrdinates of a point y in S,. In this system of coordi- 
nates there is associated with the five reference planes, y,=0,a set of five 
points, each the polar point of one plane as to the tetrahedron of the other 
four. Denote these five points by p,, p,, ---, p,: their coordinates are 
p,(—4,1,1,1,1), ---,p,(1,1,1,1, —4). 

In the formule (1) let z, be a variable parameter, ¢. Then the point » 
describes a rational twisted cubic. As ¢ takes the values z,, z,, ---. z,, y takes 
the positions, p,, p,,---,p,.¥- Thus to construct the point y which corre- 
sponds to a given sextic S, we associate five of the roots of S to the points p 
and pass through these points a rational cubic such that their parameters p 
on the cubic are projective to the five roots of S. In this projectivity, the 
sixth root of S determines a sixth point y on the cubic curve. Since five 
roots of S can be associated with the five points in 720 ways, a sextic S deter- 
mines a set of 720 points y. The change in y due toa permutation of the 
roots of S from some given order furnishes a transformation of Moore’s group, 
C,,. The 720 points y determined by S are a set of conjugate points under C,.,. 

Let 7,_)..,..) denote a permutation written in cycle form from the order 
-+, 2, to the order z,, z,, ---,2,. The same symbol will be used for 


2 2 


the transformation which carries y into 7’. Clearly the permutations of z,, - - -, z, 
alone give rise to the permutation group of the five codrdinates y, i. e., to the 
collineation group, C,,,, which transforms the system of five planes y, or the 
system of five points p, into itself. The C;, can be generated by this group and 
an additional transformation, say 7',,.. To obtain this transformation we make 


use of formule (2). 


P(¥, —¥,)=—5-12 36 46 = — 5.62 31 41 

, , , > 1 
P(¥, —¥,)=—5-13' 26 46 56 = — 5.63 21 41 
(3) 73 
—y,)=—5-14' 26 36 56 = — 5.64 21 31 51 

P(y¥, —y¥,)=—5-15' 26 36 46° = — 5.65 21 31 

where 


o = 25p-12 13 14 15 62 68 64 65. 


Thus 7,,, is an involutory cubic transformation with the singular tetrahedron 
P2> P3s Pgs P; and the fixed point p,. Moreover any permutation which affects 
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z, gives rise to a cubic transformation with a singular tetrahedron whose vertices 
are found among the points p and with the same period as the permutation. The 
equations of the transformation can be obtained in precisely the same way as 
for 

A point in general position is one of a set of 720 points which form a conju- 
gate set under C;,. Ifa point takes less than 720 positions under C;,, it must 
be unaltered by a certain subgroup G of C;,. To such a point there must cor- 
respond a class of projective binary sextics, each of which must be self-projective 
under a binary transformation group [' which is isomorphic with G. If all the 
roots of the sextic are distinct, any permutation of them which can be effected 
by a binary projectivity defines the projectivity. If however equalities among 
the roots exist —to fix ideas let z, = z, then to the identical projectivity there 
corresponds the identical permutation and also the permutation (z,,z,). From 
the formulae (2) we find that the points y which correspond to sextics for which 
z,=2,(i,k=1, 2, ---, 5) liein the plane y, — y, = 0; those which correspond 
to sextics for which z, = z, are directions about the point p,. These five points 
and ten planes are a conjugate system of manifolds under C;,, the locus of 
points for which the invariant A of S vanishes. Since we are interested pri- 
marily in the solution of S we shall assume that A+0. Then the groups G 
and I are simply isomorphic. The types of sextics S invariant under a group 
I’ have been tabulated by Botza.* From these types the systems of points in 
question are easily derived. 

Because of the projective character of the transition from sextic S to point y 
it is clear that the locus of points y which map sextics S for which a certain 
invariant J of S vanishes is a surface, 1/= 0, invariant under C,,. Conversely 
to every surface, 1/ = 0, invariant under C;,, there corresponds an invariant J 
of S. For if JJ =0 is invariant under C,,, 1Z must be a symmetric function 
Of Ys Since Yy, = 0, M is the leading coefficient of a covariant 
of the quintic, (¢,— y,t,)---(t,—y,t,). Then J/= 0 expresses that o is a 
certain covariant point of y,, ---, y,, or that z, is a certain covariant point of 
Z,,+++,%,. The condition that z, be a similar covariant point of the other z’s 
is that = 0 for all points conjugate to y, and this is satisfied, since M = 0 is 
invariant under C,,. But this condition implies that the roots z satisfy a 
rational invariant relation, J = 0. 

The invariant surfaces therefore are merely the invariants of the sextic 


6t,(t, —y,t,) (4, Ly,=9, 


a sextic in a typical form employed by Clebsch (Bindre Formen, p. 351); the 
invariants of such forms are calculated there up to the sixth order. Another 


*Mathematische Annalen, vol. 30 (1887), p. 546; American Journal of Mathe- 
matics, vol. 10 (1888), p. 47. 
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mode of procedure is to express the invariants of S in terms of the differences 
of the roots z. By identifying z, with oo and z,, z,, ---, 2, with y,, y,, -++5Y; 
we get the corresponding invariant surface from the coefficient of the highest 
power of z,. The index of this power is the degree n of J in the coefficients of 
S. The weight 3n of J is the order in the differences. But n differences in 
each term of J contain z,. Thus the order of the corresponding invariant sur- 
face M in y is 2n. Since Jf must contain all the points to the same multiplicity 
k and also must be invariant under 7’,,., we find that k=n. Hence 

All surfaces invariant under C,, are rational integral functions of a set of 
surfaces M,, M,, M,,, M,,, M,, of orders 4, 8, 12, 20, 30 respectively and of 
multiplicities 2, 4, 6, 10, 15 respectively at the points p. These surfaces cor- 
respond to the members of a complete system of invariants of S of degrees 
2, 4, 6, 10, 15 respectively. 

The square of ,, can be expressed by means of the others; whence the gen- 
eral invariant surface J either is of order 4k with 2k-fold points at p, or is the 
aggregate of such a surface and M,,. The discriminant A of degree ten corre- 
sponds to a surface of order twenty, which as we have seen must be the square 
of the ten planes on p. This surface has 12-fold points at p, instead of the 
normal 10-fold points. This is accounted for the fact that the oo? directions 
about p; also map sextics for which A= 0. In general if the multiplicity at p, 
is greater than the normal multiplicity, 24, the ten planes are part of the 
invariant surface. 

The simplest linear system of surfaces which is unaltered by C,, is the system 
of oof quadrics on the five points p. These quadrics map S, on a cubie surface 
in S,, whence there is among five linearly independent quadrics on p only a 
single cubic relation. There are 


linearly independent forms of order x in these five quadratic forms. This is 
exactly the number. 


1 5 


of linearly independent forms of order 2x with n-fold points at p,. Hence every 
surface invariant under C,, can be expressed as an algebraic form with the five 
quadries as variables. For purposes of manipulation however it is convenient 
to have a symmetrical set of quadrics on the points p,. Since the five points 
are permuted by C,,,, each member of such a set would be unaltered by a sub- 
group of C,,, whose index is the number of members. This number should be 
five at least and we look for quadrics invariant under a metacyclic subgroup 
C,, of C,,, whose index is 6. Selecting the particular subgroup generated by 


“20 120 
T1045) 2nd T,,,,. we find that the quadric required is 


2354) 


= 


we 


| 
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— Yo) (Ys — Ys) + (Y2 — Ys) — Ya) — (Y2 — Ys) 


By using the even permutations the following set of six conjugate quadrics is 
obtained : 


2A = (25)(13)+(51)(42)+(14)(35) + (48)(21)4+(32)(54), (ik) =(y,—y,), 
2B = (12)(53)+(23)(14)+(34)(25) + (45)(31) + (61)(42), 
2 C = (53)(41)+(34)(25) 4+(42)(18) + (21)(54) +(15)(32), 
2D = (31)(45)+ (24)(53)+ (25)(41) + (15)(32)+ (48)(21), 
2E = (31)(24)+(12)(58) + (25)(41)+(54)(32)+(48)(15), 
2 F = (42)(35)+4(23)(14) + (31)(52) + (15)(48) +(54)(21). 


(4) 


There must exist among these quadrics a linear relation (due to the identities 
of the type (12)(34) + (13)(42) + (14)(23) = 0; this is necessarily sym- 
metrical, 


(5) A+B+C+D+E+F=2x 0. 


The even permutation group of the y’s, a C,,,, permutes the six quadries as the 
icosahedral group permutes the diagonals of the icosahedron ; the odd permuta- 
tions permute the quadries oddly into the quadrics with changed sign. The 
Cremona transformation 7',,. permutes the quadries in the order (A/)( BC) 
( DF’) to within a common outstanding factor. Thus to within common factors 
the quadrics are permuted in all possible ways by the C;,. Each quadrie is 
unaltered by one of a second set of six conjugate subgroups of C;, of order 120. 
The cubic identity satisfied by these quadrics must be unaltered by C;, and there- 
fore must be symmetric in A, ---, Since = 0, this identity is 


(6) A + B+ 4. +- 0. 


Every invariant surface can be expressed in terms of these quadrics, and being 
invariant must be a symmetric or alternating rational integral function of them. 
Conversely every such function determines a surface invariant under C,,. For ! 
example, = A’ does not vanish, since the quadries satisfy only the relations, {A = 0 
and {> A*=0. The odd permutations of C,,, change the sign of = A’, hence 
it is an alternating invariant S of degree 5, i. e., to within a numerical factor, 
VA. Also II1(.A— B) does not vanish and is unaltered by both the even 
and the odd permutations of C,,,. It must be then the skew invariant of S of 
degree 15. The symmetric functions, = A*, =A‘, and IIA correspond to 
invariants of S of degrees 2, 4. and 6 respectively. 


To identify the preceding results with known systems let us define, following 
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Clebsch and Gordan, some invariants and covariants of the sextic. Let 
S=a'’, k= ks = (ab 


=(kmy¥k, 
Ba=(kk)', 
D=(Iny, R= (Im)(In)(mn), VA=II(z,—2,) (i<k). 


(7) 


Adjusting the numerical coefficient in the formula for A given by Gordan 
(Invarianten- Theorie, p. 295) we have 


1 
A = 3.2’ A’ — 3.2'.5* A? B — 2'.5' 


(8) 2.3% 
+ 8-2.5°( AB? +4 BC) + 


Let the invariants 4, B, C, D, and F be caleulated for the sextic, 
6t, (t, — y;,t,), 
1 


and expressed symmetrically in terms of the quadrics A, ---, #. These 
quadries satisfy a sextic equation, > = 0, where 


(9) 2=(Q—A)(Q— B)---(Q— F)=Q + 159, Q0'+ 159,0°+ 


The coefficients of = are integral in A, B, C, A, and the square root of the 
discriminant of = is a numerical multiple of 2. The result of the comparison is 
53 


5 
3 


3 
10 
( ) 53 54 


5 1 
+5 pAB+ aC, 69, = 33 V 4, 


Another set of fundamental invariants is defined by the equations, 


5 


. 1 
A= A, B= 5-9:(84*— 
(11) 


C = 5-93(— 2°-18.4° + 3?-5°AB + 2.3°.5°C), 


where B and C both vanish if S has a triple root. Then the sextic = has the 
particularly simple form 


(12) A) + + 
If we let 
(18) 
then 
(14) VA, = BR. 


Trans. Am. Math. Soc. 2% 
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the point y be given it is not possible to determine a set of 360 points conjugate 
under C,,. by means of three absolute invariants alone. As before, the known 
ratios B/A*, C’/A*, and A/A® determine tio sets of 360 conjugate points. If 
also the value be given, the known ratios B/ A’, C/A*, R/( determine 
1 three sets of 360 conjugate points, since the surfaces are of orders 8, 12, and 30 
) with 4-, 6-, and 15-fold points respectively at p,. But there is an identity 
(Gordan, Jnvarianten-theorie, pp. 290-1) which expresses the square of 
VAY in terms of B/A*, C/A* and A/A’*. Since this identity is cubic 
in A/ A’, only one of the above three sets is contained in the two sets. Thus 
the form-problem of P Cj, reads : 

(16) Given the numerical values of the invariants A, B, C, VA, and R 
subject to the identity which connects them, to find the ratios of the codrdinates 
y of one of the associated set of 360 points conjugate under C;,,.. 

We have to show finally how the roots z of the given sextic S can be expressed 
rationally in terms of a solution, y, of PC;,.. First let us assume that A + 0 
and # + 0, for otherwise S can be solved by means of radicals. The invariants 
A, B, C,A,and & of S are calculated and a value of VA is adjoined. These 
values are identified with the numerical values in PC;,.. The solution of 


i] The form problem of the C;, reads as follows : 
| (15) Given the numerical values of A, B, C, A, invariant under C,,, to 
i find the ratios of the coordinates of a point y for which these quantities take 
i the assigned values. 
: | The given values determine the numerical values of B/A’, C/A*,; and A/ A’, 
| whence y is a meeting point of invariant surfaces of orders 8, 12 and 20. 
| Apart from the points p of multiplicities 4, 6, and 10 respectively, these sur- 
faces meet in 8-12.20 —5-4-.6-10 = 720 points which form a conjugate set 
if under C,;,. Thus all the solutions of PC;,, are obtained rationally from one 
: solution by means of the transformations of C;,. 
| If the numerical value which the product of the ten planes, 1A, takes for 


P furnishes a sextic 
= 6t,(t, — yt.) (4 — 


| which is projective to S. If we denote the invariants and covariants of S’ by 
primed letters, then 


(17) I,(mx)? = pI, (mt), (nx)? = p(n't). 


Here J, is a non-vanishing invariant of weight 6 which can always be formed 
from A, B, C, and YA unless A = B= C=), in which case S is solv- 
able by radicals. p is a power of the determinant of the projectivity that 
; transforms S’ into S. The determinant of the system (17) in the variables 
wi, 22,2,, and x? is J} 2 and is not zero. From this system we can find the 


] 


— 
+ 
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values of «7/p, 27,x,/p, and «?/p in terms of the coefficients of S, of the codr- 
dinates y,, ---, y, and of t, and ¢,.. Then from 


we get the six roots z,, z,, ---, 2, by assigning the values y,, y,, ---, y,, %© to 
the ratio ¢,/t,. 

Hence the solution of S and that of PC,, or the solution of S after the 
adjunction of V A and that of PC;,. are rationally equivalent problems. 


§2. The Sextic Resolvent of 


The given quantities in PC,,. as formulated in (16) determine rationally the 
coefficients of the sextic = in (9). Also, according to (14), v Ay is rationally 
known from PC;,.. The Galois group of = is of order 360 and is simply iso- 
morphic with C;,.. Since the roots of = are rational functions of the required 
coordinates y in PC;,., = is in a sense a rational resolvent of PC,,.. In order 
to complete the connection between = and PC;,. we require formulae which 
give the ratios of the coordinates y in terms of the roots A, ---, F’ of >. 
From the formulae (4) we get at once 


(4+ B) =(51)(42), 3(B+C) =(84)(25), (C+ = (18)(42), 
(A+ C) = (63)(41), D) =(81)(45), F) = (54)(21), 
M(A+D)=(43)(21), =(12)(53), (D+ E) = (25)(41), 
£) = (82)(54), (B+ F) = (28)(14), F) = (24)(53), 
M(A+F) = (25)(18), (C+D) = (15)(32), F’) = (15)(48). 


From these pairs of differences the ratios of four linearly independent differences 
can be derived in a variety of ways. One verifies at once that 


p(12)=—(A+D)(B+ E)(C+ F), 
p(18)= (A+D)(B+£)(B+D), 
p(14)= (A4+D)(A+C)(C4+ 
p(15)= (H+ F)(B+£)(C+ FP), 


(19) 


where 


p = 8-(12)?(84)(35)(45). 


From these ratios of the differences we find the required ratios of the covr- 
dinates y, 


or 
p* 
| 
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Sy, = (12) + (18) + (14) + (15) 


(20) 
by, = —4(12) + (18) + (14) + (15) 


Hence the solution of = and the solution of PC;,. are rationally equivalent 
problems. 

Since the solutions of /C,,. and the solution of S after the adjunction of 
V A are also rationally equivalent, it must be possible to exhibit = directly as a 
rational resolvent of S. This is accomplished by passing from the quadrics 
A, ---, F to functions of the differences (z,—z,) by means of formulae (2). 
Dropping the factor, 25I1*_,( 76), from the six we obtain functions, A’, .-., 7”, 
of weight 3 and of order 1 ina particular root. They arise from A, ---, /’ by 
replacing each term (ik)(/m) by the term (ik)(/m)(n6). These new fune- 
tions A’, ---, F” are the roots of a rational resolvent of S after adjunction of 
VA. They have been used by previous writers on this subject, but in these 
earlier accounts the introduction of the functions seems to be somewhat fortu- 
itous. Here their existence and properties have been shown to be direct conse- 
quences of quite elementary geometric group-theory. Moreover the inverse 
process of expressing the roots of S in terms of the roots of =[(19), (20), (17)] 
is as readily suggested and accomplished by the use of familiar formulae. 

The functions, A’, ---, #” of the six roots z seem to have been first used by 
Joubert,* who has noted their most striking properties and has calculated the 
equation which they satisfy. A similar study is found in a paper by H. W. 
Richmond.+ Joubert’s main interest in this sextic apparently lay in its utility 
as a resolvent of the quintic.f 

From a quite different point of view, H. Maschke § developed another par- 
ticular sextic, 


(21) =7 + 9F iy —12F,74+ 4F,, =9. 


The coefficients F’, are quaternary forms of order i in the variables z,, z,, z,, 2, 
which are invariant (or which at most change in sign if i = 0 mod. 8) under a 
group of linear substitutions of order 64.720. The group is obtained by effect- 
ing transformations of the periods on the Borchardt moduli, z,, for the hyper- 


elliptic thetas of genus 2, where 
z,=0,=03,(0, 0; 27,,, 27,,, 27,,), 0; 2r 
=3.(0,0; 27,,, 27,,, 27,,), 0; 27 


27,4) 
27,45 27,9), 


11? 
(22) 
11? 


*Comptes Rendus (1867), p. 1025 and p. 1080. 

tQuarterly Journal of Mathematics, vol. 31 (1899), p. 57. 

t See the historical account by KLEIN, [kosaeder, II, 1, §§ 4-5, p. 148. 

§ Mathematische Annalen, vol. 30 (1887), p. 496; in particular p. 506, (14). 
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The roots of © = 0 are quartic forms in the z’s which I shall denote by ®,, 
-++, D, [see Maschke, l. ec. (7) and (11)], each of which is unaltered by the same 
group, I’.,, of linear substitutions or by an isomorphic group, I,,, of collinea- 
tions. They satisfy the two identities 


(23) Lo, =90, 


On the other hand, Bolza* has obtained the values of the invariants of 
the binary sextic in terms of the zero values of the hyperelliptic thetas, 
%,(0, 05 7,,, Tos 7.2), associated with the sextic. The squares of the ten even 
thetas can be expressed as quadratic functions of the z’s and therefrom the 
invariants can be derived as functions of the forms F’, [ Bolza, loc. cit., (30), (32); 
Maschke, loe. cit., (21) and (23)], 

p® 
= 5 Fat 


36, 


(27)? 

Maschke { has remarked further that by means of a Tschirnhausen transfor- 
mation, y = x” + \« + pw, the general sextic can be transformed into ® = 0 by 
solving a quartic equation. Then the known values of F’, determine the abso- 
lute invariants formed from A®, B®, C°, A°. If therefore the periods and 
the thetas be calculated for a normal hyperelliptic integral associated with a 
binary sextie which has these absolute invariants, values of Vpz, in (24) are 
obtained and these in turn determine the roots ®, of ®=0. Thus the general 
sextic is solved by means of hyperelliptic modular functions. 

Commenting on this paper, F. Brioschi§ notes that the sextic ® can be 
written as 


(25) (y—3F,y + + 12(F, — F,,)y — Fy) = 9- 


If we use Bolza’s invariants and set & = p*y/3, this becomes 


(26) (# — BE — 10.3850" + —5.27A°) = 0. 


If 
= 5.27 — #, 


T= t— 3.5.27 + 3.5(5-47 A" — 9B) 
(27) ail. 


+ — 10(5?.4" A® — BY — 390") = 0. 


*Mathematische Annalen, vol. 30 (1887), p. 478. 

t The A®, B®, C°, A°, here refer to Botza’s A, B*, C*, A. 

tRendiconti della R. Accademia dei Lincei, series 4 (1888), p. 181. 
@Rendiconti della R. Accademia dei Lincei, series 4 (1888), p. 183. 
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In later papers Brioschi* develops more fully the connection between these 
sextics and the theta moduli. 

The sextic 7’ is in Joubert’s normal form. By comparing it with = in (12), 
the relations between the invariants of Bolza and those of §1 appear. Clearly 
the solution of 7’ or = implies the solution of Maschke’s sextic ® and con- 
versely. We shall find farther on [see (32)] the rational transformation 
inverse to (27). 

The formule given above are illuminated by some geometric considerations 
allied with the papers of H. W. Richmond.+ Denote the quadrics A by A(y’), 
their polarized forms by A(yy'); the quartics ®, by ®,(2*), their polarized 
forms by ®,(z*z’). If we polarize the identity (6), = A*(y’) = 0, we get the 
identity, = A?(y’) A(yy’)=90. But this expresses that, for a given point y, 
the quadric, = A?(y*) A(y”) = 0, has a double point at y. For given y' we 
have the condition that a quadric on the six points p, and y’ may have a double 
point at y. Hence 

(28) The equation, = A*(y?) A(y”) = 0, is, for given y, a quadric cone on 
the points p with vertex at y; for given y', the Weddle quartic surface with 
double points at the points p and y’. 

The quartics ®, are unaltered by a collineation I’, determined by a Kum- 
mer surface, and every such quartic is a linear combination of the ®,’s, say 
rA,P,=0. Since >D,=0 we can suppose that >A,=0. The condi- 
tion that >A,®, = 0 be a Kummer surface is then easily shown to be 
=0. Hence A(y*)®,=0 is for given point ya Kummer quartic, 
It is easily verified { that the fundamental sextic of this Kummer quartic and the 
sextic ---, are projective ; whence 

(29) The Weddle quartic surface, = A(y”) A?(y*) =0, and the Kummer 
quartic surface, A ® ,(2*) = 0, are birationally equivalent. 

If on the other hand we polarize the quartic identity (23) we get the new 
identity 


(2*)Po(2*) Pp (2) — (2')] [2 (22) (2‘)] = 0. 


Interchanging z and 2 we have the condition that the quartic surface in the 
variables z, 
EH, (24) (2") (2") — EO, (2") 

(2) ®,(2")] =9, 


may have a double point at z’. Being unaltered by I, it must have 16 


double points, whence 


16 


*Acta Mathematica, vol. 12 (1889), p. 83; Annales de 1’Ecole Normale Supé- 
rieure, (3), vol. 12 (1895), p. 345. 

+Quarterly Journal of Mathematics, vol. 31 (1899), p. 125; vol. 34 (1902), p. 117. 

t The necessary formule are given by HuDsON, Kummer’s Quartic Surface,pp. 81-2. 
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(31) The quartic surface (30) is a Kummer quartic surface with double 
points at the 16 points conjugate to z under I... 
The coefficients of ®,(2‘), ---, in (80) after being modified so that their 
sum is zero can be identified with the coefficients of ®,(2*) in (29). Express- 
ing each coefficient in terms of the symmetric functions of the ®,’s, i. e., the 


F’., and of a particular ®, we find with little trouble that 
(32) A=— 


This formula furnishes the Tschirnhausen transformation of the sextic ® into 
the sextice >. 

If we interpret the A’s as homogeneous point coordinates, and the ®,’s as 
space coordinates in S,, then = A* = 0 is the equation of a diagonal cubic sur- 
face, A,, whose reciprocal is a quartic envelope, 2,. The equation of &, is 
precisely the quartic identity (23). Thus we have the particularly simple inter- 
pretation of (27) and (82): 

(83) The inverse Tschirnhausen transformations (27) and (32) from the 
Joubert to the Maschke normal form (and vice versa) represent the process of 
passing from point to tangent space (and vice versa) of the reciprocal loci K, 
and R, in the space S,. 

If the Maschke sextic be solved as already indicated, then the roots of = are 
obtained from (32). Consequently also the solution of PC;, in terms of hyper- 
elliptic modular functions of genus two is known. Ultimately then the roots of 
the given sextic S are expressed in terms of such functions, i. e. in terms of 
transcendental functions of three variables, the moduli 7,,, 7,,, 7,,.__This how- 
ever can hardly be accepted as a final solution. The PG,,, contains only two 
independent variables and by the use of it in place of the modular functions an 
essential simplification is obtained. 


§3. The Reduction of PC;,,. to the VALENTINER Form-Problem. 


The even permutations which do not alter z, give rise to a collineation sub- 
group C,, of C;,.. This subgroup is one of a set of six conjugate subgroups, 
G), ---, G®, the root z, being associated with G\). The quadrics A, ---, F 
also are permuted in all possible even ways by C;,.. Therefore C;,. contains 
a second set of six conjugate subgroups, G), ---, 
unaltered by G4), ete. The same set of subgroups G‘“) is defined by the 
functions A’, ---, F” of the roots z. If then we begin with the quadries 
A, +--+, and form from them six functions A”, ---, in the same way 


, the quadrie A being 


that the A”s are formed from z,, these new functions will be unaltered respec- 
tively by a set of conjugate subgroups G,, which are different from G'3’, ---, 
GS. The groups GA”, ---, GP must be identical to within their order 


since (;,, is known to contain only two 


with the groups ---, 


60° 
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systems of conjugate icosahedral subgroups. Let us then name these functions 
HT, ..., H®. Each #7 is of order 3 in the differences of A, ---, F’, of 
order 6 in the differences of the y’s and of maximum order 3 in a particular y. 
Also since HZ, is unaltered by G‘!) or C,, it must be a seminvariant of the quintic 
with roots y of degree 3 and weight 6. The quintic has only one such covari- 
ant —its canonizant of order 3. Thus /7,=0 must be the condition that oo be 
a canonizant point of y,,y,,---,¥,- Similarly H,=0 is the condition that 
y, be a canonizant point of y,, ---, y,, 0; ete. The surfaces, H,= 0, are 
sextic surfaces with triple points at p, which satisfy relations similar to (5) and 
(6). Adjusting the numerical factor so that 


=0, 


i=1 


we find that 
H, = y; — + — yi — + 

(36) + (sf + — 208) (i=1, 2,3, 4,5); 
H, = — s} — 10s} + 20s,s,, 


where 
8, = Yas 8) = 8, — = 1. 

The Valentiner group of 360 ternary collineations, G,,,, is isomorphic with 
C,,2 and has also two sets of conjugate icosahedral subgroups, G'‘!), ---, G'S); 
and G4), ---, GY. As invariants under the subgroups we have two sets of 
six conics, ---, and (ax)’, ---, (fx) [See C2, §1]. If 
each conic be multiplied by its reciprocal, the two sets of six products are per- 


muted by G,,, without extraneous factors. Hence the forms 


and 


(37) > (ax)?-(aa'u)?. A 

are Kleinian forms, i. e., algebraic forms in the three sets of variables x,, x,, 
Uys Uys Uzi ***s Which are merely multiplied by a factor when 
the variables « and wu are contragrediently transformed by the collineations of 
G,,. and simultaneously the variables y are transformed by the corresponding 
substitutions of C;,.. The correspondence between and is established 
by associating /7, with (k,~)’. From these two forms we derive the covariant 
connex (1, 1) 


(38) 
1 a 


i=1 
| 
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which is also a Kleinian form. This connex viewed as a collineation has three 
fixed points which can be separated by means of an “accessory ” cubic equation. 
One of these fixed points is a so-called “ covariant point’ by means of which 
the solution of PCy, is reduced to P Gig. 

Simpler algebraically than this direct transition from PC;,. to 7? Gg is the 


solution of the resolvent = in terms of PG This is accomplished exactly 


360 ° 
as outlined for the general sextic in C2 (in particular § 4), the expressions being 
considerably shorter owing to the fact that in the case of 2, 4, =a,=90. For 


example, the accessory cubic equation [ C2, § 4, (1), (2), (8), (4)] is 


o4Jdeo—K=0, 
where 
(39) J=}[ 15939, — 442.9% — 


K = 3 [— 459395 + + 895 — 95 ]- 

From the preceding considerations I conclude that as a matter of practical 
convenience it seems advisable to effect the solution of the diagonal sextic 
resolvent = in terms of PG,,, rather than the given sextic S. As the natural 
bond between S and >, the Cremona C;,,. must be introduced. 

BALTIMORE, Oct. 1, 1910. 


ON THE USE OF THE CO-SETS OF A GROUP* 


BY 
G. A. MILLER 


§1. Introduction. 


ABBATI proved in a letter addressed to Rurrini and dated September 30, 
1802, that it is possible to divide all the operators of a group G into sets with 
respect to an arbitrary subgroup //7 so that no two of the sets have a common 
operator. That is, every subgroup of G may be regarded as a modulus with 
respect to either right or left multiplication. For any subgroup 7 a set of 
operators S,, S,, ---, S, may be selected so that this division can be effected 
in each of the following four ways : + 


G=H+ HS,+ HS,+.---+ HS,, 
= H+ Sy'H+.--+ S)'H, 
= H+ + HS;'+.---+ HS>'. 


The sets H/S,, S,H (a =2, 3, ---,p) have been called Nebengruppen ¢ or 
co-sets of G as regards /7, the former being called the right co-sets and the 
latter the left co-sets. When 7 is added to these co-sets they are called the 
augmented right co-sets and the augmented left co-sets, respectively. 

It has been observed that the operators of each right co-set are evenly dis- 
tributed among a certain number of the left co-sets, or among all of them, and 
that the operators of each left co-set are distributed in the same way among the 
right co-sets. When a right co-set involves an operator which transforms // 
into itself all of its operators have this property and this right co-set involves 
exactly the same operators as some left co-set, and vice versa. A necessary and 
sufficient condition that //7 gives rise to a multiply transitive substitution group 
K, when G or one of its quotient groups is represented transitively as regards 
HT in the usual manner,§ is that the operators of each right co-set of G as 
regards // are distributed among all the left co-sets as regards H/, p being 
greater than 2.|| The same condition is expressed by saying that whenever S 


* Presented to the Society (Chicago) December 28, 1910. 

TQuarterly Journal of Mathematics, vol. 41 (1910), p. 384. 

t WEBER, Lehrbuch der Algebra, 2d edition, 1899, vol. 2, p. 8. 

§ Dyck, Mathematische Annalen, vol. 22 (1883), p. 91. 

|| Proceedings of the American Philosophical Society, vol. 49 (1910), p. 307. 
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is any operator of G which is not also in // every operator of G is included in 
the two sets 7 and H7SH, and that p exceeds 2. 

GALOIs called attention to the importance of the special case when each right 
co-set of G as regards H/ is identical with some left co-set. That this case 
expresses the necessary and sufficient condition that H is invariant under G 
follows from the more general theorem noted above that a necessary and suf- 
ficient condition that #7 is transformed into itself by the operators of a right 
co-set is that this co-set is identical with some left co-set, and vice versa. This 
theorem is, in turn, included in the still more general statement that a necessary 
and sufficient condition that the operators of a co-set transform // into a group 
having exactly y operators in common with //7 is that this co-set has exactly y 
operators in common with some other co-set with respect to /7. This statement 
may again be regarded as a special case of the more general theorem which 
affirms that the total number of operators in G which transform /7 into a group 
having exactly p operators in common with some other subgroup J’ is a multiple 
of the product of the orders of H and K divided by p.* 

When #7, and H, are any two groups the product //, 1, represents the 
totality of distinct operators obtained by multiplying on the left each operator of 
H, by each operator of H,. The number of distinct operators in this totality is 
evidently the product of the orders of 7, and /, divided by the number of their 
common operators. A necessary and sufficient condition that this totality con- 
stitutes a group is that 7, H,= H,H,. This is a special case of a more gen- 
eral theorem which may be stated as follows: A necessary and sufficient condi- 
tion that the continued product of the » groups 7,, H,, ---, H, is a group is 
that this product is not affected by the cyclic permutations of its factors. That 
is, 7, H, .-- H, is a group whenever 


as may easily be verified. 

The given method of arranging the operators of G in distinct sets, called 
augmented co-sets, can easily be generalized by observing that the co-sets are 
completely determined by /7 and do not depend upon the choice of the operators 
S,, S,, +++, S,. Hence it follows directly that the double co-set HS, H,, H, 
being an arbitrary subgroup of G', remains unchanged when S, is replaced by 
any other operator of this double co-set. That is, two double co-sets 7S, /7/,, 
HS, H, either have all their operators in common or they have no operator in 
common. Each operator of G may therefore be uniquely represented by such 
double co-sets and /7#7,; that is, the group may be represented by a system of 
augmented double co-sets, as follows : 

*Bulletin of the American Mathematical Society, vol. 16 (1910), p. 510. 


+ FROBENIUs, Journal fiir reine und angewandte Mathematik, vol. 101 (1887), 
p. 274. 
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G = HH, + HS,H, + + H8,H,. 


When /7, = H and G or one of its quotient groups is represented as a transitive 
substitution group with respect to HZ in the ordinary way, the number of transi- 
tive constituents in the subgroup composed of all the substitutions which omit 
one letter of this substitution group is A, if the omitted letter or letters are 
counted as constituents; and the numbers of distinct operators in these various 
double co-sets are equal to the products of the order of 7 and the degrees of the 
various transitive constituents of this subgroup.* When //,=1 these double 
co-sets reduce to right co-sets and when 7 = 1 they reduce to left co-sets. 

The general properties of double co-sets were first studied by FROBENIUs in 
an article entitled Ueber die Congruenz nach einem aus zwei endlichen Gruppen 
gebildeten Doppelmodul, Journal fiir die reine und angewandte 
Mathematik, volume 101 (1887), page 273. Since then the concept of equiv- 
alence of operators as regards a double modulus has been employed by various 
writers. The object of the present article is to extend the abstract theory as 
regards co-sets with a view to a greater usefulness of this concept. This article 
is practically a continuation of the one entitled, Some relations between substi- 
tution group properties and abstract groups, Proceedings of the Ameri- 
can Philosophical Society, volume 49 (1910), page 307. The theorem of 
§ 3 which exhibits a dual relation between the degrees of the transitive constitu- 
ents of various subgroups when the group is represented with respect to these 
subgroups is perhaps the most useful result of the present paper. 


§ 2. Double co-sets with respect to a single subgroup. 


The double co-set HS, H involves all the right co-sets which are conjugate 
under #7 with 7S,. It also includes all the conjugates under // of the left co- 
set S, 7. In fact, each of these two complete sets of conjugates involves exactly 
the same operators, and is identical with 7S,H. The number of distinct con- 
jugates in each of these two sets may be obtained by dividing the order of // 
by the number of operators common to H and S;'//S, since this is also the 
number of operators common to the two co-sets HS, and S, 1, and hence it 
represents the number of left co-sets among which all the operators of //S, are 
evenly distributed as well as the number of right co-sets among which the oper- 
ators of S,H are evenly distributed. We shall prove in the next paragraph 
that this same number is also the degree of a transitive constituent of the sub- 
group composed of all the substitutions omitting one letter in the transitive 
substitution group A’ which corresponds to the permutations of the rows when 
all the operators of G are arranged in the ordinary rectangular form and the 
operators of constitute the first 


* Proceedings of the American Philosophical Society, vol. 49 (1910), p. 311. 
+ Dyck, Mathematische Annalen, vol. 22 (1883), p. 91. 
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To prove this theorem we shall at first assume that A’ is simply isomorphic 
with G. This is equivalent to assuming that // contains no invariant subgroup 
of @ besides the identity, or that A’ represents G. Let A, represent the sub- 
group of A which corresponds to #/ in this simple isomorphism. Hence A, is 
composed of all the substitutions of A’ which omit a given letter (a) and //S, 
corresponds to all the substitutions of A’ which replace a by a given other letter. 
The conjugates of /7S, are then all the operators of G which correspond to 
those substitutions of A which replace a by the different letters in a transitive 
constituent of A,. That is, if the operators of G are arranged into double 
co-sets with respect to a single subgroup in the following manner : 


G=H+HS,H+ HS,H+--.+H8,H, 


and if H does not involve any invariant subgroup of G besides the identity, so 
that G may be represented as a transitive substitution group K with respect to 
H, then the operators in each of these double co-sets correspond to all the sub- 
stitutions of K which replace the letter omitted in the subgroup corresponding 
to H by the letters in a transitive constituent of this subgroup. 

When // includes an invariant subgroup of G or is itself invariant under G’, 
it gives rise to the transitive representation of a quotient group of G and the 
preceding theorem applies to this quotient group. Hence d represents the num- 
ber of transitive constituents (each omitted letter being also regarded as a tran- 
sitive constituent) in the subgroup composed of all the substitutions of this 
quotient group which omit a given letter, and we may establish a (1, 1) corre- 
spondence between the double co-sets and the transitive constituents of this 
subgroup in such a way that the number of distinct operators in each double 
co-set is equal to the product of the order of 7 into the degree of the correspond- 
ing transitive constituent. In particular when // is invariant this quotient 
group is regular and the number of these double co-sets is equal to the degree 
of this quotient group, as each of the transitive constituents of the given sub- 
group is of degree one in this special case. Hence we have as a corollary of the 
given theorem the known theorem that necessary and sufficient conditions that 
HT gives rise to a multiply transitive group are that H contains less than half 
the operators of G' and that \ = 2. 

A necessary and sufficient condition that the transitive substitution group A 
to which 7 gives rise is primitive is that G is generated by each double co-set 
as regards //, since this condition is equivalent to the condition that H is a 
maximal subgroup. A necessary and sufficient condition that the subgroup of 
XE composed of all its substitutions which omit one letter omits exactly a 
letters is that there are a — 1 double co-sets as to H/ each involving the same 
number of distinct operators as 7 does. This results directly from the more 
general theorem that all the operators of such a double co-set transform // into 
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groups all having the same number of operators in common with // and that the 
number of the distinct operators in this co-set is equal to the square of the order 
of H divided by the number of these common operators. This is, in turn, a 
special case of a theorem which will be proved in the following section. 


§ 3. Double co-sets with respect to two distinct subgroups. 


A special case of a double co-set with respect to two distinct subgroups was 
developed by Cauchy to prove the fundamental theorem that every group whose 
order is divisible by a given prime number involves a subgroup whose order is 
this prime.* This theorem was announced by Galois, who however did not 
give any proof in his published papers. Frobenius extended, in the article 
cited at the close of § 1, the development of the theory of double co-sets and 
employed this theory to re-establish Sylow’s theorem as well as to prove other 
fundamental related theorems. Recently the present writer pointed out that 
Sylow’s theorem may be proved directly by a slight extension of Cauchy’s theo- 
rem relating to double co-sets and then following the steps which Cauchy took 
to establish the special but fundamental case noted above.+ These facts may 
suffice to indicate that the concept of double co-sets relates to fundamental 
matters in group theory and seems to deserve more attention than it has recently 
received. 

If H, and H, are any two subgroups of G’, all the operators of G may be 
represented uniquely in either of the following two forms in accord with the 
results stated above : 


G = + 
= H,H, + H,S;'H,+ +H, 


The second augmented system of double co-sets is evidently composed of the 
inverses of the operators in first system. To obtain a concrete illustration of 
some of the properties of these augmented double co-sets it may be observed that 
when G can be represented as a transitive substitution group A’ with respect to 
H,, the substitutions corresponding to //, 1, will be composed of all those of AT 
which replace the letter a omitted in all the substitutions of the subgroup A, 
corresponding to /7, by the letters of the transitive constituent to which a 
belongs in the subgroup A, corresponding to /7,. In a similar manner we may 
observe that all the operators of the double co-sets 7, S, HW, (a = 2,3, ---, 2) 
correspond to all the substitutions which replace the letter by which a is followed 
in S, by all the letters of a transitive constituent in K,. The number of the dis- 
tinct operators in the double co-set 17, S, 7, is therefore equal to the order of 


* CAUCHY, Oeuvres complétes, 1st series, vol. 9 (1896), p. 358. 
tT Bulletin of the American Mathematical Society, vol. 16 (1910), p. 510. 


1911} OF A GROUP 331 


H, multiplied by the degree of the corresponding transitive constituent of A’,. 
In particular, this number is the order of //, whenever the letter which follows 
a in S, does not occur in A,. As a special case we have also the theorem that 
a necessary and sufficient condition that //, 7,= G is that A, be transitive. 

From the preceding results we may deduce a general theorem as regards 
the transitive substitution groups which are simply isomorphic with G. This 
theorem may be stated as follows: Jf G is represented as a transitive substitu- 
tion group K and if K, is the subgroup composed of all the substitutions of 
which omit a given letter, then any subgroup K’ of K has the same number of 
transitive constituents as the subgroup which corresponds to A, has when K is 
represented as a transitive group with respect to A’. Moreover, the transitive 
constituents in the two given subgroups have the same relative degrees in the 
two different representations of G. 

The significance of this theorem may be inferred from the following illustra- 
tions. When the icosahedral group is represented as the alternating group of 
degree 5, X, is the alternating group of degree 4 and all the subgroups of order 
12 in X are conjugate. If we let A’ represent one of the subgroups of order 4 
in A it is evident that A” has two transitive constituents of degrees 4 and 1 
respectively. Hence when /{ is represented as a transitive group of degree 15 
with respect to A’ its subgroups of order 12 will have two transitive consti- 
tuents of degrees 12 and 3 respectively. On the other hand, if we let A” repre- 
sent a subgroup of order 6 in A, it is clear that it has two transitive constituents 
of degrees 3 and 2 respectively. Hence when A is represented as a transitive 
group of degree 10 its subgroups of order 12 will have two transitive constituents 
of degrees 6 and 4 respectively. Finally, if we let A’ be a subgroup whose 
order is either 5 or 10, it is transitive, and hence the subgroups of order 12 in 
the icosahedral group are transitive when this group is represented transitively 
on either 6 or 12 letters. 

It should be observed that the given theorem remains true even when A does 
not represent G but represents merely a quotient group of G; that is when //, 
either involves an invariant subgroup of G or is itself invariant under G. In 
these cases it is evidently necessary to consider the groups which correspond to 
the subgroups A, and A’ in the transitive representation instead of these sub- 
groups themselves. The given development exhibits not only an interesting 
dual relation between the forms of the various subgroups when a group is repre- 
sented transitively in the various possible ways, but it also exhibits a dual rela- 
tion between certain abstract group properties and substitution groups, since 
not only does \ express the number of transitive constituents in the group corre- 
sponding to //, when G is represented transitively as regards /7,, but the num- 
ber of distinct operators in each of the double co-sets is equal to the product of 
the order of H, and the degree of the corresponding transitive constituent. 


t 
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The number of distinct operators in each one of the augmented double co-sets 
is a multiple of the orders of the two subgroups H, H7,. That is, if A’ is 
any subgroup of any transitive group whatever of order g and of degree n, 
and if n, is the degree of a transitive constituent of K’, then the order of K’ 
is a divisor of n,g/n. This limits the orders of the intransitive subgroups of 
any transitive substitution group and it reduces to Lagrange’s theorem when the 
subgroups are transitive. It may therefore be regarded as a generalization of 
Lagrange’s theorem. It should be observed that this theorem may also be 
proved directly by employing the fact that the order of the subgroup composed 
of all the substitutions of A’’ which omit a given letter is a divisor of g/n. 

To illustrate the usefulness of the theorem in the last paragraph we may again 
make use of transitive representations of the icosahedral group. When this 
group is represented as the alternating group of degree 5, A’ can have a transitive 
constituent of degree 2 only when the order of A’ is a divisor of 24, and it can 
have a transitive constituent of degree 3 only when this order is a divisor of 36, 
in accord with the given theorem. The only non-cyclic subgroups which have 
constituents of degree 2 or 3 are those of order 6, and as 6 is a divisor of both 
the numbers 24 and 36 this agrees with the theorem. On the other hand, when 
the icosahedral group is represented as a transitive group of degree 6, A’ can 
have a transitive constituent of degree 2 only when the order of A” is a divisor 
of 20. As a subgroup whose order is divisible by 5 in a transitive group of 
degree 6 could clearly not have a transitive constituent of degree 2, it results 
that the order of A’ is a divisor of 4 whenever it has a transitive constituent of 
degree 2. In fact, it is evident that the subgroups of orders 2 and 4 are the 
only ones which have transitive constituents of degree 2 in the present case. 
Similarly we observe that the order of A’ is a divisor of 6 whenever it has a 
transitive constituent of degree 3, and that in the present case the subgroups of 
order 6 have two constituents of this degree. These illustrations may suffice to 
exhibit how the theorem under consideration may be employed to gain an insight 
into the structure of transitive substitution groups. 

It is known that a necessary and sufficient condition that the product H, H, 
constitutes a group is that it is equal to its inverse H,H,. We proceed to 
inquire what is implied by the condition that each double co-set is identical with 
the inverse of a double co-set as regards the same subgroups. That is, we 
suppose that the two series of augmented double co-sets 


G= H, H, +> H, S,H, H, S, H, 
= HH, + 


are identical if the order is not considered. Since each of the two products 7, H, 
and //, //, involves the identity it results that these must be identical when the 
given condition is satisfied, and hence a first result is that 77, 7, must be a sub- 


| 
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group of G. The assumption that //, S, H,= H,S,H, clearly implies that 
H, H, is invariant under S,. That is, whenever «a double co-set as regards two 
permutable subgroups coincides with the inverse of a double co-set as regards 
the same two subgroups then the product of these subgroups is invariant under 
each of these double co-sets. In particular, a necessary and sufficient condition 
that /7/, #7, is an invariant subgroup under G' is that each double co-set as regards 
H,, H, is identical with the inverse of some double co-set as regards these sub- 
groups. If either /7, or //, is assumed to be the identity we obtain as a special 
case the theorem noted in the third paragraph of the Introduction. 

When G or a quotient group of G is represented as a substitution group as 
regards //,, the preceding results may also be employed to establish a useful 
criterion to determine when //, /7, constitutes a subgroup of G. In fact, since 
H, H, is composed of all the operators of G corresponding to the substitu- 
tions which replace the letter (@) omitted in the subgroup corresponding to 
H, in this substitution group by the letters of a transitive constituent which 
involves a in the subgroup corresponding to //,, it results that a necessary and 
sufficient condition that H,H, is a group is that the transitive constituent 
which involves a in the subgroup corresponding to H, involves all the letters 
of one or more transitive constituents in the group corresponding to H, when 
G, or one of its quotient groups, is represented transitively as regards H, and 
a is the letter omitted in the group corresponding to H,. 

The preceding theorem is a special case of another theorem which we proceed 
to establish. Since //, 17, is composed of all the operators of G which corre- 
spond to the substitutions, in the transitive group to which /7, gives rise, which 
replace the letter a omitted in all the substitutions corresponding to //, by all 
the letters of the transitive constituent involving « in the subgroup corresponding 
to H,, the number of operators common to //, //, and H,//, can be directly 
determined from this substitution group. In fact, a necessary and sufficient 
condition that H/, H, and H,H, have in common all the operators which corre- 
spond to the total number of substitutions which replace a by the letter ¢ is that 
all the letters in the constituent to which c belongs in the subgroup corre- 
sponding to /7, are found in the transitive constituent to which a and c belong 
in the subgroup corresponding to /7,. In particular, if all the letters in the 
latter constituent constitute the letters of two or more constituents in the group 
corresponding to H, it results that /7, //, and H, //, are identical, as was proved 
in the preceding paragraph. This proves also that /7/, 1, cannot involve the 
inverses of all the operators of a double co-set with respect to H,, H,. 

The co-sets which contain the inverse of at least one of the operators in 
H, H, can readily be determined when G or a quotient group of @ is repre- 
sented with respect to /7,. In fact, if a letter in the transitive constituent 
involving a in the subgroup corresponding to /7/, is replaced, in the subgroup 
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corresponding to #/,, by a letter of another transitive constituent of the former 
of these two subgroups the double co-set corresponding to the latter constituent 
involves the inverse of an operator of //, 7, and vice versa. To determine the 
double co-sets which involve the inverse of at least one of the operators of 
IT, HT, it is therefore only necessary to observe which of the transitive con- 
stituents of the subgroup corresponding to //, involves at least one letter that 
succeeds in the subgroup corresponding to //, a letter of the constituent involv- 
ing a in the former subgroup. When a set of constituents, including the one 
involving a, of this subgroup involves all the letters of a set of constituents of 
the group corresponding to /7/,, the letters of these constituents clearly represent 
a system of imprimitivity of the substitution group with respect to H,. In 
particular this group is always imprimitive when //, 1, = H/,//, < G. 

When G is written as the sum of the subgroup // and a series of correspond- 


ing co-sets, as follows : 
G=H+ HS,+ HS,+.--.+HS,, 


the series of operators S,, S,,---, S, may be so selected that the same totality 
of co-sets is obtained by replacing each of these operators by its inverse, as was 
observed in the opening paragraph. This can evidently also be done as regards 
double co-sets with respect to a single subgroup, but it cannot always be done 
as regards double co-sets with respect to two distinct subgroups. The truth of 
this statement may be verified if we let G be the transitive substitution group 
of order 32 and of degree 8 generated by the substitution aebf-cgdh and the 


two subgroups 
H,=1, eg -fh, bd-eg, bd-fh, H,=1, ac- eq. 


Hence it results that G must have special properties when it is possible to select 
the operators S,, ---, S, so that both of the following arrangements are possible 
when every operator of G' is uniquely represented by the former : 


G = + 
= H,H,+ H,Sy'H,+ MH Sy'H,. 


From the theorem that //, 17, cannot involve the inverses of all the operators of 
a double co-set with respect to //, /7, it results that G may always be represented 
in these two ways if S,, ---, S, are properly chosen and A <4. It is also 
clear that this is always possible when //, gives rise to a doubly transitive sub- 
stitution group, since all the double co-sets involve operators of order 2 in this 


special case. 
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THE SOUTHERLY DEVIATION OF FALLING BODIES’ 


WILLIAM H. ROEVER 
INTRODUCTION 


In the work of previous writers on the subject of this paper the potential 
function used for that of the earth’s gravitational field of force has, in general, 
not been more than a first approximation, i. e., a development, in the neighbor- 
hood of the initial point of the falling body, which includes terms of only the 
first order in the independent variables. The circle of reference (parallel of 
latitude) used has also, in general, been different from that used in experiments 
for the determination of the same quantity. 

From equations (1) and (2) which follow it appears that the southerly devia- 
tion is proportional to the square of the height through which the body falls 
(at least for sufficiently small values of 4) and that the constant of proportion- 
ality involves the first and also the second derivatives of the potential function 
J,-+ Hence the truth of the following statement : 

I. The potential function to be used for that of the earth’s gravitational field 
of force should be a second approximation, i. e., a development in the neighbor- 
hood of the initial point of the falling body, which includes terms of at least the 
second order in the independent variables. 

In experiments for the determination of the southerly deviation of falling 
bodies, a plumb-line P, 22 is supported at the point P, (Fig. 5), from which the 
body falls, and the deviation is measured on the level (equipotential) surface 
which passes through the plumb-bob 72, from the circle of latitude which passes 
through #2. The direction of gravity at R is RP,, and that at P, is the limit- 
ing direction which is approached by the line 2 P, as the length P,, & approaches 


zero. Let us denote by ¢ the limiting position of P,R. It is easy to prove 


the following statement : 
II. In a field of force in which the lines of force are not rectilinear, plumb- 


* Presented to the Society (Southwestern Section), November 27, 1909, and November 26, 
1910. See also footnote to formula (3). 

{In this paper, as in the work of previous writers, a distribution of revolution is assumed, 
i. e., the earth’s field of force is assumed to be the same in every plane through the axis of rota- 
tion. 
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lines* of different lengths which are supported at the same point (in particular 
a plumb-line 2, 2 and the line ¢) do not coincide. 

In order to be able to compare the results of experiment with those of theory, 
the same circle of reference should be used in the computation as in the experi- 
ment. This, however, has not been done by previous writers. In their com- 
putations they used as their circle of reference on the level surface of 22, not 
the cirele of latitude of /2, but that of the point 7’ in which the line ¢ pierces 
the level surface of #2. That a great error has thus been made, appears in 
Assumption 4, below, in which it is shown that for a second approximation to 
the potential function the distance (measured along a meridian) between the cir- 
cles of latitude of # and 7’ (the part which has been neglected) is eighteen times 
as great as that between 7’ and S (the part which has been computed), S being 
the point in which the body, which falls from P,,, strikes the level surface of 72. 
For a first approximation to the potential function, however, the distance between 
the circles of latitude of 2 and 7’ may be small in comparison to that between 
T and S. 

Now let us compare the assumptions and the results of previous writers, who 
disregarded either one or both of the facts set forth in I and II, with those of 
this paper, in which these facts are not disregarded. In order to do this it is 
desirable first to give a brief description of the method of this paper. 


STATEMENT AND COMPARISON OF RESULTS. 


After the falling body is released from its initial position, P,, of rest with 
respect to the rotating earth, it moves under the influence of a field of force F’, 
which is fixed in space.t A plumb-line ?, 7? at rest is in equilibrium under 
the influence of a field of force /’, which is fixed with respect to the rotating 
earth. If U, =/f,(7, 2) and,U,=/,(7, z) (where r represents the distance of 
a general point from the earth’s axis of rotation OZ, and z that from a plane + 
perpendicular to OZ at O, and where O is taken at the earth’s center, although 
this is not necessary) are potential functions of the fields /’, and F’, respectively, 
there exists between them the relation 


U, + = 


in which w denotes the angular velocity of the earth’s rotation. 

The path of the falling body, which has received an initial velocity from the 
rotating earth, is a curve c in the fixed field F’,. The curve c lies on a surface 
of revolution whose axis coincides with that of the earth. Let us denote by c, 


*Itis assumed that the plumb-bob is a heavy particle and that the line is weightless and 


perfectly flexible. 
t That is, fixed with respect to a set of axes whose origin is the center of the earth and whose 


directions are fixed directions in space. 


t 
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that meridian curve of this surface of revolution which lies in the plane of OZ 
and P,. The locus of the plumb-bobs 7? of all plumb-lines which are supported 
at P,, is a curve c, which also lies in the plane of OZ and P,. It will be 
shown later that the curves c, and c, are tangent at P,. The line ¢ defined 
above is their common tangent. 

Let us now take the common tangent and the common normal to these curves 
as a pair of rectangular axes and refer the equations of curves c, and c, to them. 
The coordinate which is measured along the tangent from the point /, we will 
denote by & and regard as positive when measured in the direction of the earth’s 
center. The other codrdinate we will denote by » and regard as positive when 
measured in the direction of the north pole. (See Fig. 4.) The equations of c, 
and c, then become 

Y 2 4 
= C+ A,o 


6 


the subscript (,) indicating that the derivatives of f, have been computed for 
the point P,(r z,). 
The southerly deviation is the difference »,—,, when we substitute for & 
the height A = P,# through which the body falls, and for f, a sufficiently 
close approximation to the potential function of the earth’s gravitational field 
of force. 
The southerly deviation can also be expressed in the following very simple 


form * 


* This formula was presented to the Society (Chicago Section) April 29, 1911. 


C+ + 
where 
(2), _ (fA) (2) , 
Ordz },\ Or }, ° }, or 
Cr 0 0 cr 0 CZ 0 
404402) 
OZ 0 CZ 0 
p= ro? + ro, 
Or }, Cz Or }, 
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4a” 
6g, 


in which g, and ¢ denote the acceleration and the astronomical latitude, respec- 
tively, at the point P,. For, 


fay ., of, oS; 
7,008 = (%) 


By the equation of transformation in § 7, 
U, =f, (", =f,(— 6 — n sing + 7,, — sin + cos + 2,), 


and therefore 


(3) 


77 
(sin — cos’ $) 5. oh sin 00s 6| 


roz 


On the other hand, 


PU, _ 


Hence equations (1) and (2) assume the following forms : 


1 CU, 


Onde 


OU, (aU, Og 


and hence formula (3). 

It will be observed that the coefficient of & in each of the equations (1) and 
(2) contains the second as well as the first derivatives of f,. It is for this reason 
that the potential function must be developed to terms of the second order inclus- 
ive in the neighborhood of P,(7,, z,)- 

In the discussion which follows we shall call , and 7, the parts of the southerly 
deviation which are contributed by the trajectory and the plumb-bob locus 
respectively. It is the part », which has been neglected, and the part », which 
has been computed, by previous writers. We shall compare these for each of 
several forms of f,, we shall also express the results corresponding to different 
forms of f, in terms of the same unit. 


1 
| 40" sin $ 008 6+ 5( 5 
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1. The Assumption of Gauss. 


Gauss assumed that the force to which a body, at rest with respect to the 
rotating earth, is subjected is constant in magnitude and direction. That is, * 

and therefore 

Ai(r, 2) 2) — 
in which ¢ and g are the astronomical latitude and the acceleration at P,. For 
this potential function equations (1) and (2) become + 


n, = — sin cos d- -&, 


and 


w 
7, — 1, = — 0, = sin ¢ cos 


Thus we see that in this case the whole southerly devi- 
ation is due to the trajectory, since the plumb-bob locus 
coincides with the tangent t¢. (See Fig.1.) The curve 
c, lies to the south of the tangent ¢. 

The potential function used by Gauss is a first ap- 
proximation to that of the earth’s field. By statement 
I this is not a sufficiently close approximation. 

Before making the next assumption let us express 
the result just obtained in a form in which it may be 
compared with the results which follow. 

With sufficient approximation 


r 
= °, 
0 
where ¢ 


c= 
M/p; 
and M represents the mass of the earth. Then 


* Strictly speaking this function does not quite represent Gauss’ assumption. Under Gauss’ 
assumption the equipotential surfaces of the field F, are parallel planes, while the equipotential 
surfaces corresponding to the function f, here assumed are parallel cones of revolution which have 
as a common axis that of the earth. 

t The formula given by GAuss is 

sin cos guts, 
But since 
=$gl? +----, 
we see that the result is the same as the one just found. See Gauss’ Werke, vol. 5 (1867), 
p- 502. Gauss’ formula can also be obtained by putting ( 0g/0 ), 0 in formula (3). 
t The value of c is about ;},. 
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9, = — 1, 


2. A Second Assumption. 


Let us now assume that the field of force F’, is central, the center being at 


the earth’s center and the law of attraction that of Newton. Then * 


where MV represents the mass of the earth. For this potential function equations 
(1) and (2) become + 


Py 
In this case practically the whole southerly deviation is 
due to the plumb-bob locus, since in the equation of the 
curve c, the coefficient of & is an infinitesimal of second 
order with respect to the coefficient of & in the equation 
of c,. (See Fig. 2.) Both of the curves c, and ¢, lie to 
the north of the tangent ¢. 

Since the curve c, lies to the north of ¢, it follows that 
those computers who neglect the part 7, are forced to say 
that, for this potential function, the falling body has a 


northerly, and not a southerly, deviation. 


3. A Third Assumption. 


Let us assume, as above, that the field of force /’, is central, the center being 
at the earth’s center. Here we will assume, not the law of Newton, but that the 


*For this potential function the level (equipotential) surface of the field F, which passes 
through the plumb-bob 2, is an ellipsoid of oblateness 3c. [Put «= 0 in the assumption 4. ] 

+ In this case the curve ¢, is a conic of which O(r=—0, z=0) isa focus. This follows from 
the fact that the curve ¢ is an ellipse with focus at O. 
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magnitude of the force varies directly as the distance from the center. Then * 


kK, 
9 


where A is a positive constant. For this potental function equations (1) and 


(2) become + 
Po Po 


In this case c, falls to the south, and c, to the north, of t¢. Hence the trajectory 
contributes }, and the plumb-bob locus 3, of the southerly , 
deviation. (See Fig. 3.) 

If, at the initial point, the forces due to assumptions 
2 and 3 be the same, A’p, = J//p; and therefore w*/ A = c. 


The General Differential Equation of Gauss. 


Before making the supposition stated in Assumption 1 
above, Gauss found the differential equations of motion 
(relative to a set of axes fixed with respect to the rotating 
earth) of a falling body, on the supposition that the field 
of force F’, is central,t the center being the point in which wre 
the earth’s axis is pierced by the vector which represents 2o8 
the force of the field /’, at the initial point of the falling body. Gauss does 
not solve these differential equations, in which he denotes by p the magnitude 
of the force of the field /’, and by V7 a constant due to air resistance. If we 
put this J/ equal to zero (i. e., neglect air resistance) and assume that p varies 


* For this potential function all of the level (equipotential) surfaces of the field F, are ellip- 
soids of oblateness 3c. Their equations are 


Their oblateness is 


V 


{In this case the curve ¢c, is an hyperbola whose center is at 0 and whose foci are on the 
r-axis ; the curve ¢, is an equilateral hyperbola which passes through O and whose asymptotes 
are parallel to the axes of rand z. The truth of the first part of this statement follows from the 
fact that the curve c is an ellipse whose center is at 0. The curve, is of the form mentioned 
since it is the locus of the feet of perpendiculars dropped from a point to a family of similar 
and concentric ellipses. 

{ At least if g is constant in his equations [3]. 
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inversely as the square of the distance (or directly as the distance) from the 
center (XY =0, Z= q) of Gauss’ field we obtain a set of differ- 
ential equations, the solution of which should yield for the x of Gauss the same 
value as that obtained by replacing z, by z, + @ in the expression given for 7, 
under Assumption 2 (or 3), a being the distance of the center of Gauss’ field 
F’, to the south from the earth’s center O. 


4. A Fourth Assumption. 


Now let us assume that the potential function f, has the form * : 


€ = 


M 
p + 


in which p and M/ have the same meaning as in assumption 2. The symbol p, 
represents the mean radius of the Standard Spheroid, and 


where e, represents the ellipticity (or oblateness) of the Standard Spheroid, and 
_ 
= M |e? 
The values of the constants are + 


1 


= 999 .003468 and 


= .00167 


For this form of f,, equations (1) and (2) become 


6 Pol \P Py Po 
Ps Pol Py Po 


1 5 ) 5 (? ) 16z7—10r? , 
yA 4 1 0 0.2 


17 2__ 3,2 
3 2p; 


The ratio p,/p, is nearly equal to unity and 2e(= .00334) is nearly equal to 
o(= .00345). Hence, approximately, the above equations become 


* This function may be regarded asa sufficiently close approximation to the potential function 
for which the Standard Spheroid is an equipotential surface. 

t For the derivation of this function and the values of e, and o, see POINCARE, Figures d’ Equi- 
libre d’une Masse Fluide (1902), Chap. V. 
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ry 1 1 1 2 


Py Po 

In this case c, falls to the south, and c, to the north. of ¢. The trajectory con- 
tributes ;!,, and the plumb-bob locus 13, to the southerly 
deviation. (See Fig. 4.) 

It will be observed that the potential function and the 
results under the second assumption may be obtained from 
those under this assumption by setting € equal to zero. 

The preceding results and figures 1, 2, 3 and 4 clearly 
show that the curves c, (or c,) which correspond to the 
different assumptions are not even approximations to one 
another. The four potential functions assumed above 
may be regarded as having equal first derivatives* at 
P,(%,,%)+ But in order that the curves c, (or c,) which 
correspond to two potential functions f,, shall osculate at 
P,,, both the first and second derivatives of these two potential functions must 
be equal at P,. This follows from the fact that the coefficient of & in each of 
equations (1) and (2) involves both the first and second derivatives of /,. 


—}),= 


Fia. 4. 


The Work of M. le Comte de Sparre.+ 


M. le Comte de Sparre computes the portion of the southerly deviation which 
is denoted by 7, in this paper. In his first paper he assumes potential functions 
which are practically identical with those of Assumptions 2 and 3. His results, 
under these assumptions, are 

1 Rot}? 1 w*}? 


Sin’ AcosX and sin A cos A, 
g 


respectively, and those of this paper are 


2 Py 


lrezil 
—[o+( 


and 7,= 
0 


respectively. Since x is positive for southerly, and 7, is positive for northerly 
deviations, and since 


* That is, the vector which represents the force of the field F, at the initial point of the fall- 
ing body in F,, may be taken to be the same for all the assumptions. As a consequence of this 
the line ¢ will be the same for all the assumptions. 

t Bulletin de la Société Mathématique de France, vol. 33 (1905). First paper, 
page 65, second paper, page 146. 
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R=p, smr=—, cosrt=—, 
0 0 
it follows that the two sets of formulas are identical. 
In the second paper a potential function is chosen which is practically equiva- 
lent to that of Assumption 4. The result of M. le Compte de Sparre is 


28 sin A cos A 


= 
and that of this paper is 
Py 
Since h = & = }gt? + ---, and by the above substitution, these formulas may be 
written in the following forms : 


h? and —n, = + Acosr 


R 


oy sin A cos 


o 
R 


Therefore these expressions are nearly the same. 


Conclusion. 


Of the facts set forth in statements I and II of the introduction, the assump- 
tion of Gauss disregarded the first but not the second, and the assumption of 
the second paper of M. le Comte de Sparre disregarded the second but not the 
first, while the two assumptions of the first paper of M. le Comte de Sparre dis- 
regarded both the first and the second. On the other hand the diference n, — 7, 
for assumption 4 was obtained with due regard for the facts set forth in State- 
ments I and II. This difference yields results for the southerly deviation which 
are several times as great as those obtained from the formulas of Gauss and M. 
le Compte de Sparre. It is not necessary to retain all the terms which are in- 
cluded in the expression for this difference, since o°, e? and eo are small in com- 
parison with o ande. Since the ratio p,/p, is nearly equal to unity, and therefore 


o{ = and = 
M/p; 


are nearly equal, the expression for the southerly deviation of a falling body 
assumes the form : 
} sin 2¢,(40, — je) 
0 
where ¢, denotes the geocentric latitude of the initial point P,, p, the distance 
from the earth’s center to P,, A the height through which the body falls, and 


o, and ¢ the numerical constants given in Assumption 4. 
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A Numerical Example. 


For the data of Benzenberg’s experiment in St. Michael’s Tower, namely 
$ = 53° 33’, h = 235 feet, the formula of Gauss (3 sin ¢ cos dw*h?/q7) yields 
the value .00046 lines *, and the formula of this paper [} sin 24, (40, — §€)h?/p,, 


where ¢, denotes the geocentric latitude of P, and equals 53° 22’ if the astro. 


nomical latitude is ¢ = 53° 33’ ] yields the value .00202 lines. The latter result 
is about four and one-half times as great as the former, as we knew it should be 
from a comparison of the expressions for 7, — 7, under assumptions 1 and 4. 


The Results of Experiments. 
) 


In experiments for the determination of the southerly deviation of falling 
bodies, results are obtained which are many times greater than those accounted 
for by any of the formulas given above. + 

Since the greater part of the southerly deviation is due to the plumb-bob 
locus, it occurs to the author that experiments for the determination of the devi- 
ation between a very long plumb-line and a short plumb-line, which are sup- 
ported at the same point, might give results of greater value than those for the 
determination of the southerly deviation of a falling body. The annoying factor 
of air resistance occurs in the latter, but not in the former. By enclosing the 
plumb-lines in an air-tight tube and making the observations through glass win- 
dows in the tube, air currents could also be eliminated. 


THE EstaBLISHMENT OF GENERAL EQuATIONS (1) AND (2). 


$1. The curve c. The curve c has already been defined as the path of the 
falling body in the fixed field /',. In order to get its equations let us choose a 
set of rectangular axes in F’, and denote by 2,, y,, 2, the coordinates of a gen- 
eral point referred to these axes, the origin of which is taken at the earth’s cen- 
ter O. The axis of z, is taken coincident with the earth’s axis of rotation and 
is regarded as positive in the direction of the earth’s north pole. The axes of 
x, and y, then lie in the earth’s equatorial plane. The direction of the axis of 
, is so chosen that the plane 2,2, contains the position P,, which the falling 
body occupied at the instant when its connection with the rotating earth was 
severed, and its sense is such that the coordinate of this initial point is positive. 
The axis of y,, which is perpendicular to that of «,, is positive in the direction 
in which the earth rotates at the initial point. (See Fig. 5.) 


* 144 lines — 1 foot. 

{ See the following papers: Professor FLORIAN CAJORI ; The Unexplained Southerly Deviation 
of Falling Bodies, Science, Vol. 14 (1901), p. 853. Professor Epwin H. HALL, Do Falling 
Bodies Move South? Physical Review, Vol. 17 (1903), Nos. 3, 4. 
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Fie. 5. 
If, as above, 


represents the potential function of the field F’,, and the angular velocity of 


the earth’s rotation, then the curve ¢ is that integral curve of the differential 
equations 


dy, ov, d*z 


z, OU, 
dt? cy,’ 


which, at ¢ = 0, is subject to the conditions 


Oz,’ 


2, =2,=2 
| ai 
| 
/ / | 
4» 
P| | 
\ ANI 
\y 1 \ 
| 
/ I 
| \ 
i Wf, 
A 
A ff 
A ¥f 
Af 
6 
Px, 
dt On, b 
| 
dx, 0 dy, dz, 0 
= == @?., => 
dt dt “0 dt 
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$2. The curve c,. The curve c, has already been defined as the meridian 
curve of the surface of revolution, of axis z,, on which the curve c lies. It may 
also be defined as the path of the falling body in the moving plane which is 
determined by the body and the axis of z,. In order to get its equation let us 


make the following transformation of codrdinates : 
a, =recos 6, y, =rsin 6, 


in which @ denotes the angle which the plane determined by the falling body 
and the axis of z, makes with the plane x,z,. (See Fig. 5.) The preceding dif- 
ferential equations are then transformed into the following differential equations : 


where the primes (’) and seconds (”) denote the first and second derivatives, 
respectively, with regard to the time ¢. The second of these equations on inte- 


gration becomes 


= 


where & is a constant of integration, and hence reduces the first to 


when ¢ = 0, 


Hence the constant / is given by the relation 

w= k/r*. 


Therefore the curve c, is that integral curve of the differential equations : 


which, at ¢ = 0, is subject to the conditions 


0 


” Of, 
cr 
+ 27°07 = 0, 
_» Cy, 
4 = a 
C2 

4 

Or 

; The initial conditions assume the following form: Zi’ j 
0 

a 

3 af At 

or = Cf 

73 cr Cz 

r = 0, = (0. 
| 
j 
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If we put 


2 


@ 0 . 
Vir, z)=— oa 2), 


the last differential equations may be written in the following form: 
) V 


Cz 


$3. The curve c,. The curve c, has already been defined as the locus of 
plumb-bobs of all plumb-lines which are supported at the initial point, P,, of 
the falling body in the field #’,. It is therefore the locus of the points of tan- 
gency of tangent lines which are drawn from P, to the lines of force of the field 
F’,. In order to get its equation let us choose a set of rectangular axes in F’, 
and denote by «,, y,, z, the coordinates of a general point referred to these 
axes, the origin of which is also taken at the earth’s center O. The axis of z, 
is taken, just as that of z,, coincident with the earth’s axis of rotation and is 
regarded as positive in the direction of the earth’s north pole. The axes of ~, 
and y, lie in the earth’s equatorial plane, and when ¢ = 0, they coincide with 
the axes of », and y,, respectively. (See Fig. 5.) The point /, lies in the 
plane w,z,. If, as above, 
where 


represents the potential function of the field /’,, the equations of c, are 


But since 


ef, 


cr 


§ 4. The equation of curve c, in powers of r—r,. 
That solution of the differential equations 
r’ = OV/Or, 


which, at ¢ = 0, is subject to the conditions r = 1, 2 =: 


cr 

2—2, 

oU, ° 

Cr, ey, Oz, 

~ ~ TT ~ 2 ~ 

Of, 2, OU, Of, y, OU, Of, 

Cr, cr r’ oy, cr Oz, Oz 

the curve lies in the plane y, = 0, in which it has the equation 

Cf, 

2 

= Cz 

, 
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of the form 


where 


(or ), + Car), Ce), 


the subscript (,) indicating that the derivatives of V have been computed for the 
point P,(7,,2,)- By the elimination of ¢ from these equations, we obtain the 
equation 

P+ 
where 


$5. The equation of curve c, in powers of r —1r,. 


The equation of curve c,, whose finite equation has already been found in § 3, 
may also be written in the following form : 


+ 


d*z 
(a), 


In order to do this let us first write its equation in the form 


where 


F(r, 2) = 0, 


where 


Cf, 


The derivatives dz/dr and d*z/dr’ are expressible in terms ef the derivatives of 
F’ by means of the relations: 


Trans. Am. Math. Soc. 24 
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and therefore 


Hence we find 


| 
350 {July 
OF OF dz 
cr Cz dr 
oF ‘i CRF dz CF(dz\? OF dz 0 
+ dr + \ dr + oz dr’ 
| and the derivatives of F’, in terms of those of f,, by means of the relations : 
OF _ of, of, 
or ~ Or? (2 —%)+ 
a- (r—7,)—= zZ—2,)— 
Cz Oz? ( 0) ~ \ 0) Or’ 
° Or” * ° Crez 
Créz Orez 0 Cr’ ez 0 Oz Or? 
a2 a8 a3 a2 ¢ 
02? Oz? 0 Crez” Orez 
oT 0 CZ 0 
(x) ( Of, ) 
0 C7 0 
LY 
or’ }, é 
0 CZ 0 Cc? 0 
‘4 
|, Crez 
OF Of, 
dz\ Or}, \ J, 
\dr J, CF of,\’ 
cz J, er J, 
or dz dz\? 
dr’ (“ F ) 
j, | 
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"OZ 0 cr 0 C2 0 | Cz a cr cr Cz 


§ 6. The relation between the curves c, and c,. In order to find a relation 
between the curves c, and c, let us express the coefficients «,, «,, b,, 6, in terms 
of the derivatives of f,. We already have the relations : 


wo 


from which the following relations are found : 


OV Cf, 
= 


3 9 
cr cr r 


1C+ Bo’ + C+ + 


of, 3? ef, 39 
Cr |\ er 
Jo 0 


a 
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or, 
Cr Cr 
OV of, Che oS; 
Cz Oz’ C2 Oz’ 
eV ef, ef, 
| =O? * 
4 Therefore : 
OV Of, of, oV Of, Cf, 
| eV\ (ey, _(FR\ 
of, or, ef, oe, 
Cr ez }, Or oz }, Or Oz), }, C2? J, 
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Since a, = b,, it follows that the curves c, and c,, which lie in the meridian 
plane of P,(r,, z,) (i. e., in the plane y, = 0), have a common tangent * and 
a common normal at P,. 


$7. The General Equations (1) and (2). The Southerly Deviation. 


Let us now take the common tangent and the common normal to the curves 
ec, and c, as a pair of rectangular axes, and obtain the equations of c, and c, 
veferred to them. The codrdinate which is measured along the tangent from 
P., we shall denote by &, and regard as positive when measured in the direction 


of the earth’s center. The other coordinate we shall denote by » and regard as 
positive when measured in the direction of the north pole. The equations of 
transformation from the axes of r and z to those of £ and » are 


r—r,=— cos — sin d-n, 2%, = — sin + cos d-7n, 


0 
where 


b a 1 1 


sin = = cos = 


V1+ 
By this transformation the equation 


* This common tangent is also tangent at P, to the line of force of the field F, which passes 
through P,. For the differential equation of the lines of force of F, which line in the plane 
y.—0is 


Fal 
and therefore the slope at P, of the line of force which passes through P, is 
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of the curve c, assumes the form 
9a.a aa 


* 


— 1 a; n=0, 
which when solved for 1, becomes * : 
a, 
7 [1 + a ] 3 E 
By the same transformation the equation 
+ 


of the curve c,, becomes 
b 


t 


From the relations given in §6 we find + 


1 _ — 1 — 


where 


Hence, if we denote the y’s of the curves c, and c, by 7, and 7,, respectively, we 
obtain the equations 


which are the equations (1) and (2) already given. As has been stated, the 
southerly deviation of a falling body is the difference n, — »,, when & is replaced 
by the height A$ through which the body falls, and f, is a sufficiently close 
approximation to the potential function of the earth’s gravitational field of force. 


* The equation 
O = Ey + Ax? + Bry + Cy? +- Lx? +- Mr?y + Nry?+--- 


when solved for y becomes 


The negative sign is taken because 47]? and Di are positive and (¢f,/¢r ), is 
negative. 
t As already remarked, the circle of reference must be determined by a plumb-line of length 
h supported at the initial point of the falling body. 
WASHINGTON UNIVERSITY, 
St. Louts, Mo., 1911. 
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AN APPLICATION OF A (1, 2) QUATERNARY CORRESPONDENCE 
TO THE WEDDLE AND KUMMER SURFACES* 
VIRGIL SNYDER 


Introduction. 


The three-dimensional non-linear involution determined by a system of 
quadrics having three linear parameters has been extensively discussed. In the 
ease in which all the quadrics have six basis points the system furnishes a con- 
venient method of mapping the Weddle surface upon the Kummer surface. In 
the following paper I develop the details of this transformation analytically, 
obtaining a number of results already known, but by new methods, and apply 
the transformation to obtain a number of series of transformations which leave 
the surfaces invariant. A number of new transformations appear when the 
basis points are in simple or multiple involution. The relations which must 
exist among the coefficients of the equations to insure involution, the positions 
of the new lines lying on the Weddle surface, and the corresponding specializa- 
tions of the Kummer surface are obtained. 


§1. The Involution I. 


1. Through six arbitrary points in space can be passed a linear system of 
quadric surfaces having three parameters. The equation of the system has the 


form 


(1) H 


If the coordinates (£&') of a point P”’ are substituted in 7, between /7(x) and 
H(&') one parameter, as 4,, may be eliminated, and thus the net 


(A,-H, — H’-H,) H,-H, — H,-H,) +>,(H,-H, — =0 


is obtained. The coefficients of the A, define three quadrics which intersect in 
eight points; as seven of these points are known the codrdinates of the eighth, 
P” = (&’), can be expressed as rational functions of the codrdinates of the six 
fixed points and (£). In other words, the equations 


* Presented to the Society December 28, 1910. 
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(2) 
yield the rational solutions 


The seventh and eighth basis points of any net of quadrics contained ina 
linear system having six fixed basis points define an involutorial birational 
transformation.* 

Without restricting the problem, the basis points may be taken at the vertices 
of the tetrahedron of reference, the unit point and the point (a). It will be 
convenient to designate the points by number, as follows: 


(1,0,0,0)=1, (a,a,a,a,)=2, (0,1,0,0)=8, (1,1,1,1)=4, 
(0,0,1,0)=5, (0,0,0,1)=6. 


In the net defined by 1, 2, ---, 6, (&), &’), the line ( & &”) determines a pencil 
of quadrics whose basis curve consists of this line and the cubic curve y, passing 
through 1, 2, ---,6. The line (& &’) is a bisecant of the cubic curve. 

Any two associated points ( £), (&’) lie on a bisecant of the cubic curve ¥, 
defined by the six basis points. There are fifteen special bundles, each defined 
by the points 1, 2, ---, 6 and a line joining some two of them. These bundles 
will be designated by the symbols {ik}. Similarly, if P’ is on y,, the net will 
contain y,. It will be called { y,}. 

2. A line J (or any three points upon it) will uniquely define a quadrie // 
which contains it. When (&) describes /, (&") will describe some curve upon 
H,, always lying on the bisecant of y, through (&). The bisecants of y, from 
points on / define a ruled surface /, of order four, having / for simple directrix 
and y, for double curve. #2, and #, intersect in a curve of order eight, com- 
posed of / and a curve c,, of order seven, the locus of (&"). A plane through / 
euts //7, in a straight line and cuts F, in three straight lines. The points of 
intersection are on c,, hence J cuts c,in four points. By the involutorial trans- 
formation I straight lines go into space curves of order seven, each cutting 
its image line in four points. Planes go into surfaces oy order seven. 

3. Since #, has 1, 2, ---, 6 for double points and //, passes through each, 
c, has six double points which are principal points of the transformation, the 
image of each being a quadric cone having its vertex at its associated point and 
containing y, and five lines (ik). These cones, each counted twice, constitute 


* GEISER: Ueber zwei geometrische Probleme, Crelle’s Journal, vol. 67 (1867), pp. 78-95 ; 
EBERHARDT: Ueber eine rdéumlich involutorische Verwandtschaft 7. Grades und ihre Kernflache 4. 
Ordnung, Breslau dissertation (1885), 61 pp.; StuRM: Die Lehre von den geometrischen 
Verwandtschaften, vol. 4 (1909), pp. 414-418. For the literature on the system of surfaces see 
also STAUDE: Encyklopidie der mathematischen Wissenschaften, III C2, 2141 
(p. 252). 
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the entire Jacobian of the system ¢. The curve y, and the lines (is) are prin- 
cipal curves of the second kind, such that the image of a point on any one of 
them is the whole line on which it lies. 

4. A plane 7 goes into a surface F’, of order seven. Since 7 has three 
points on y,, /, has y, as a threefold curve, and similarly, /’, contains each of 
the lines (ik). Two planes intersect in /; their image surfaces intersect in c, 
the image of 7, in y, counted nine times and in the fifteen lines (ii). Hence 
there are no further principal points in the transformation. 

5. If 7 passes through a basis point i, the principal cone A‘‘’ is part of its 
image. If / is the intersection of two planes 7, 7’, each passing through 7, 
the image c, will be the intersection of F,, #,. Both these surfaces contain 
k,(i) as factor. Each of the residual quinties contains y, as double curve and 
the ten lines (//) not passing through i. Thus the proper image of / is a cubic 
curve passing through the basis points other than i, and having / for bisecant. 


§2. Locus of Coincident Points. 


6. If P” = FP’, all the surfaces of the associated net touch each other at P’, 
and one surface has a double point, or P’ is the vertex of a cone belonging to 
(1). The equation of the locus of P’ is expressed by the vanishing of the 
Jacobian of (1). It can be reduced to the form 

S,= a, 1) =0. 

The locus is the Weddle quartic surface. It contains 1, 2, ---,6 as double 
points, the curve y,, the fifteen lines (i/) and the ten lines of intersection of 
the planes (ikl), (mnp); these lines (ikl), (mnp) are defined by the sym- 
bol (ikl). The four points of intersection of a line/ and its image c, lie 
on S,, hence a general line / contains no pair of associated points (&'), (&’). 
But it was seen that the lines joining (£) to (&’) are bisecants of y,, hence 
each of these bisecants contains an entire involution of associated points. 
The points on ¥, constitute a pair and the remaining intersections with S, are 
the double points of the involution. The Weddle surface therefore cuts 
harmonically the bisecants of the cubic curve y, which lies upon it. 

7. In the involution 7, of conjugate points as to y,, S, is invariant. More- 
over, J can now be defined independently of (1) if the points 1, 2, ---, 6 are 
given, since S, and ¥, are fixed. Given a point 7” in space. Let the bisecant 
in M,. The harmonic conjugate of P’ as to I, 


> 


of y, from J” cut S, 
is P”. From the theorem of STEPHANOsS* it follows that the transformations 
T, and J are commutative. 


* Mathematische Annalen, vol. 22 (1883), pp. 299-336. See page 313. 
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8. A plane 7 cuts its image F, in a curve of order seven and S, in a quartic 


which lies on F',. The residual intersection consists of the three bisecants of 7, 


in. A line cutting y, goes into c, consisting of y, and a rational quartic 
passing simply through all basis points and cutting the given line at the three 
residual intersections with S,. 


$3. Transformations of S, into Itself. 


9. We may now enumerate the involutorial birational transformations of S, 
into itself : 
The six nodal projections (.V, ) : 
The transformation 7, defined by conjugate points as to ¥, ; 
The fifteen transformations defined by a secant of 7, and one of its bise- 
eants (ik). Given any point Pon S,. The cubic cone projecting y, 
from P will be cut by the plane P,(ik) in the two lines P, and P, 
and one other line. If the latter cuts S, in Q, between P and Q 
exists a birational correspondence. It will be designated by 7), ; 
The interchange of points on every secant of two skew lines 77;, ,,, or 
Tix, Imn 3 
The six transformations defined by the cubic curves passing through a 
point P and five basis points. The residual point of intersection of 
the curve with S, is fixed when P is known. We shall call these 
transformations C’,, i being the symbol of the basis point through 


i 
which the curve does not pass ; 

The transformations similar to the last preceding ones defined by the 
cubic curves passing through four basis points and having the line 
joining the remaining pair for bisecant. These transformations will 
be designated by C,, ; 

An infinite number of further involutions can be defined as follows. 
Through any point on y,, a point of any fundamental line (is) and 
a point D on S, not on any fundamental line pass a quadric surface. 
It will belong to (1), and cut S, in y,,(ik) and a space quartic pass- 
ing through the remaining nodes. To get the point associated with 
any point P on S,, pass a plane through P and any two nodes 7, m 
other than i,k. The plane cuts the space quartic in 7, m and two 
other points. Pass a conic through these four points on the quartic 
and through P. It is fixed, and will cut S, in one remaining point 
(). The conjugate of this conic in J is a sextic curve having double 
points at the basis points through which the conic does not pass, and 
passing simply through the six points in which the conic cuts S,. The 
operation of interchanging P, Q will be denoted by Y,. The same 
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series of curves is invariant under x as under (J, V,,), but the former 
can be expressed in terms of the latter only when the line joining the 
points on the quartic is tangent to the curve elsewhere. But with 
the exception of the points i, & this is impossible, since one point lies 
on y, and the other on (ik). The group generated by X,, Xp, is 
of infinite order. 


10. The points of y, are defined in terms of the homogeneous parameters co, T 


by the equations 


wherein 


px, = Aot(a—T), 
px, = Ba(o —7)(o,7—97,), 
pr, = Cot(o,t —oT,), 


px, = 


B= a,(a,—a,), C=a,(a,—4,), 


D=a,(a,—4,), o, =(a,—a,)(a,—4,), T, = (a, —a,)(a,—a4,). 


The values of the parameters at the basis points are : 


atl, o=(a,—a,)(a,—<a,), T=(a,—<a,)(a,—4,), 
at2, oc=a,—4,, T= d,—4,, 

at 3, o=1, 7T=0, 

at 4, T= a,(a,—4,), 

at 5, = T=1, 


at6, o=0, T=1. 


These equations may be used in C, by replacing (a) by the coordinates of P. 
The other C, can be obtained from it by linear transformations. 
The equations of the Cremona transformation 7, can be obtained from the 


receding equations alone. 


$4. Special Positions of Basis Points. 


11. The quadric surface determined by the lines (12), (35), (46) has the 


equation 


(4, — a,) + — a,x, | + — a,x, | = 0. 


It cuts y, in the six basis points; if upon the coefficients the condition is 
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imposed that one further point of y, lies on the quadric, then y, lies entirely 
upon it. This condition is 


a,(a,—a,) =a,(a,—4,). 


In this case the four nets { y,}, {12}, {35}, | 46} have a common quadrie. 

The intersection of a quadrie with S, consists of a curve of order eight cutting 
each generator in both reguli in four points. On one regulus the points of 
intersection are on the three lines (12), (35), (46) and on y,; on the other, two 
of them are on y,, hence the residual intersection consists of a curve of order 
two cutting the generators of the second regulus in two points and not cutting 
those of the first, that is, it is composed of two straight lines wv, v. 

The equations of these lines are 


lr, —mx,=9, x, —a,l) + x,(a,l —a,m) + 2,(a,m—a,l)=90, 
the parameters /:m being defined by the quadratic equation 
2 9 
a,? 


If the points 1, 2, ---, 6 are projected from any point of y, upon a plane, the 
generator of the same regulus as uw, v which passes through the center of projec- 
tion will pierce the plane of projection in a point through which pass the pro- 
jections of (12), (34), (56). The basis points thus project into six points in 
involution. Conversely, when from any point of y, these points are projected 
into points in involution, they and y, have a common transversal and the pre- 
ceding condition applies. We shall speak of the six points 1, 2, ---, 6 them- 
selves as being in involution when their projections are in involution. 

When the six basis points 1, 2, ---, 6 are in involution the surface S, con- 
tains two new lines u, v. The generators of the regulus cutting uw, v are 
bisecants of ,, cutting S, in the residual points on u,v. These four points of 
intersection are harmonic. In the axial involution determined by wu, v the six 
points 1, 2, ---, 6 are interchanged in pairs and y, goes into itself, hence S, 
must remain invariant. Jn this case the axial involution I, must be added to 
the preceding transformations. 

12. In the same manner it is found that (13), (24), (56) are in involution if 
the a, satisfy the condition a,a, — a,a, = 0; 


(16), (34), (25) are in involution if a,(a,— a,) = a,(a,—a,); 
(12), (86), (45) a,(a,—a,) = a,(a,—4,); 
(14), (28), (56) “ a,(a,— = a,(a,— 
(15), (26), (34) “ a,(a,—a,) =a,(a,—a,). 


‘ 
} 
i 
} 
; 
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These six conditions are all satisfied when the a, have the values 


2, a,=1+i, a,=1—-i. 
The surface S, now has six pairs of lines u,, v, and is invariant under six 
axial involutions I,. No two of these involutions can be commutative. In 
order that two axial involutions may be commutative it is necessary that their 
axes shall either intersect or belong to the same regulus. Let (u,v), (w’, v’) 
be the axes and suppose w, w’ intersect in 7. The plane of uw, w’ cuts v in A, 
vin ZL. Any line through A cuts S, in a fourth point which is the harmonic 
conjugate of its intersection with w’ as to its intersection with uw and A. The 
locus of this point is a line through . The residual intersection of the plane 
consists of another line, this latter passing through A. But this is impossible, 
as S, cannot contain so many coplanar lines. 

If (u,v), (uw, v') belong to the same regulus, they must be harmonic, since 
any transversal cuts S, only on these lines. The quadric determined by them 
would cut S, in four lines belonging to the other regulus, of which one at most 
can be a line (ik). Of the six lines (i/m) skew to (ik), three can be chosen 
that are mutually skew and do not have another fundamental line for common 
transversal. Since u,v, wv, v are all invariant under J, a generator of the 
same regulus goes into a sextic cutting every generator of each system in three 
points. But this curve has double points at the fundamental points except i 
and k, hence all the fundamental points lie on the quadric, which therefore 
belongs to the system (i). Since (/m) cuts u, v, it must therefore lie on the 
quadric, but this is impossible, as the entire intersection with S, has been 
accounted for. Hence in this case wu, v, wu’, v cannot belong to the same 
regulus. Similarly for the case when no line (ik) cuts both pairs of axes. 
This completes the proof that+no two operations J,, J, are commutative. 


§ 5. Double -Space. 


In (1) let the \, be considered as homogeneous plane coérdinates. The plane 
will define a quadric of the system (1). A linear equation will define a point in 
(A). This equation and (1) will determine a net of quadrics, passing through 
1,2, ---,6 and two associated points (£'),(&”). If the coordinates of (&) 
are substituted in (1), the resulting equation will fix the same point in ()). 
Thus, the equation (1) defines a (1, 2) correspondence between the points (2) of 
a space >’ and the points (£), (£’) of another space =. Two linear equations 
in (2) define a straight line in >’. From these equations and (1) a pencil of 
quadries is fixed, whose basis curve passes through the basis points 1,2, ---, 6. 
Hence when ( £’) describe a plane in >, (2) will describe a quartic surface. The 


complete image in > of this quartic surface in >’ is the plane and its image F’, 
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in J. Toa straight line in = corresponds a conic in >’, whose complete image 
in > is the line and its image c,. 

If in the first derivatives of (1) we eliminate x,, the resulting equation of 
order four in X, will define those values for which (£) =(&). They define a 
surface of class four, A(X). If >’ is regarded as a double space, one sheet cor- 
responding to (£), the other to (£&’), the points of A() are branch points. 
The points of A(X) and the points of S, are in(1, 1) correspondence. Since 
an arbitrary line in = is not its own image in J, the image conics cannot inter- 
sect A(X), hence: 

The images of the x* lines of = are x‘ conics which touch four tangent 
planes of A. 

The image of a general plane 7 touches A along a curve of order eight. To 
a plane section of A corresponds a curve of order eight, in which the image 
quadrice cuts S,. A tangent plane of A corresponds to a cone of , belonging 
to (1). To the point of contact corresponds its vertex. To the four cones in a 
pencil of quadries belonging to (1) correspond the four tangent planes through 
the image line of the basis quartic. 

14. To an arbitrary point =a,A, corresponds a pair of points (£), (&"}. The 
oo* planes of >’ through this point correspond to the o* quadrics through 
1, 2,---,6,(&), (&’). In particular, to the tangent planes to A passing 
through the point correspond 20' cones in the net of quadriecs. The locus of the 
vertices of these cones is a curve of order eight on S,, having double points at 
all eight basis points. If in = we project the oo” basis curves of order four and 
this octic from one of the basis points, and take the dual of the configuration in 
>’ as to a quadric surface, we have exactly the Geiser transformation which was 
discussed in a preceding paper.* 

Let P;, in >’ correspond to the net of quadries { y,}. It is a principal point 
of >’. Similarly, let P’, correspond to {ik}. It is alsoa principal point. Any 
plane 7 in = cuts ¥, in three points and each of the fifteen lines (i/:) once. Its 
image F” in >’ passes three times through 7), and once through each of the 
fifteen points Since y, ard all lieon S,, all lie on A. The c. 
of contact of A and F”, passes three times through P;, and simply through P;,. 

Every bisecant of y, contains a whole involution of points (&), (&’). Its 
counted twice. Zhe bundle of lines 


image in >’ is a straight line through 2; 


vo’ 
through Pin &’ and the (1, 3) congruence of bisecants of y, are in (1, 1) 
correspondence. 

Since 7 cuts y, in three points and contains three bisecants, /’; contains 


three double lines passing through ? Thus F’, is a Steiner surface. A line 


00° 


1 in 7 corresponds to a conic c, on #’;. The plane @ of c) corresponds toa 


* SNYDER: Conjugate line congruences contained in a bundle of quadrie surfaces, these Transac- 
tions, vol. 11 (1910), pp. 371-387. 
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quadric #7 containing 7 and another line m lying in 7; the image of m isa 
second conic k; in w on F’,. These two conics intersect on the three double 
lines and in one other point, the image of /m. H touches 7 in /m; @' touches 
F’, inc), k,. Both of these conics are contact curves of A. 

15. The points 1, 2, ---, 6 are principal points of the transformation ; the 
image of each is a plane 7;. All the basis points lie on y,, hence the six planes 
pass through (ik) passes through two, hence pass through 
The fifteen lines P), P’,, are therefore the intersections of the six planes 7;, 77,. 
Since a plane in >’ is the image of a quadric in =, the planes 7; may be regarded 
as images of the cones in (1), having i for vertex and passing through the other 
basis points. A bisecant of y, cuts S, in two points not on +,; its image cuts 
A in two points not at P’,. 

A basis c, in = cuts S, in four points besides the basis points, hence its image 
line cuts A in four points. A is of order four. The surface of branch points 
in 2’ is of order and class four and has sixteen double points P,,, P’,,,, hence 
it is a Kummer surface. To a straight l’ through P’,, corresponds a quartic 
eurve in = consisting of (ik) and a cubic curve cutting (ik) twice and passing 
through the other four basis points. The curve cuts S, in two points not at 
basis points nor on (is), hence its image line cuts A in two points not at P;,, 
or P’., is also a double point. 

16. Any line /’ in 7, goes into a c, on XK‘), but as this fundamental cone is 


the tangent cone to S, at i, c, has a double point at its vertex, and all the vari- 
able points of intersection with c,, S, are at i, two on each nodal tangent. 
Thus /' is a double tangent to A, or 7, contains a conic of contact. It passes 
through and 

The plane (123) goes into an F’) consisting of 7,, 7,, 7, and another plane 
7 \.,, Whose complete image in = consists of (128) and its image in J, viz., (456). 


, 


The line (123), (456) goes into the conie of contact of 7;,,. The principal 
points lying upon it are Pi,, The distribution of 
singular points and singular planes can now be readily determined by observing 
the corresponding elements in >. 

A line 7 through any basis point i in = corresponds to a line in >’, for, if any 
quadric H of (1) corresponds to the plane p’,/ cuts H in as many variable 
points and the image cuts p’. But H passes through 7, hence / corresponds to 
a straight line/’. Since / does not correspond to itself in J, /’ is a bitangent of 
A. Thus the bitangents of A are arranged in six distinct systems correspond- 


ing to the six basis points 1, 2, ---,6,in =. 


$6. Image Congruences of the Bundles 1,2, ---, 6. 


17. Through any point P’ in >’ pass two lines of the congruence [7], since 
P’ has two image points ( £’), (&") in =, each of which defines a line of i. A 
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quadrie /7 of (1) contains two lines of i, hence its image plane contains two lines 
of [i]. Any line 7 of i cuts S, in two residual points. These go into the 
points of contact of /’ with A. The complete image in > of /’ consists of / and 
its image in J, that is, a space cubic curve passing through the remaining basis 
points and cutting / at its residual intersection with S,. 

The arrangement of the lines of these congruences can now be ascertained. 
The bundle i can be considered as made up of a single infinity of plane pencils 
each in a plane through (i/). The image of each plane is a Steiner surface 
F’. consisting of 7, and 7, and a quadric surface. The generators of one 
regulus are the images of the lines of the pencil i, and those of the other regulus 
are images of the lines through &. These quadrics all pass through eight basis 
points and form a singly infinite quadratic system. Their envelope is the sur- 
face A.* 

§ 7. Depiction of S,on A. 


18. We can now study the transformations which leave A invariant by 
depicting S, upon A and considering the transformations into which those 
enumerated in No. 9 are transformed. From the preceding section it follows 
immediately that the nodal projections (V,) become those of interchanging the 
points of contact on the lines of congruences [i |.+ 

The six operations [i] generate an abelian group of order 32. The product 
of any two of them is an axial homology. By No. 14 the operation 7, of con- 
jugate points as to y, becomes the nodal projection (7) of A into itself from 
P 00° 
every point of A invariant. To find the image of any point A’, connect it with 
The line A’P;, cuts Ain The harmonic conjugate of A’ as 
to M, M7; is the required image. 

19. In >’, the nodal projection (P;,) can be obtained by transforming 


(P;,) through [i] 
(Pin) = LA) (Pood CE: 


In = this operation requires that a point be projected from /, its image from /, 


The involution J is transformed into a Jonquiéres transformation leaving 


this image found as to +,, then the first two operations repeated in reverse order 
Pass two quadries //,, H, of the system (1) through the line (i/). Their 


* The equations of these quadrics, the configuration of the associated basis points, and all the 
properties of the congruences of order and class two are at once derived by projecting the cubic 
variety having 10 nodes in four way space from a point upon it, as is outlined in my paper : 
Surfaces derived from the cubic variety having nine double points in four dimensional space, these 
Transactions, vol. 10 (1909), pp. 71-78. In the notation of that paper, 7 —1 will define as 
contour a general Kummer surface. 

t This result was first found by H. F. BAKER by another method. A different proof is given 
in my paper : Infinite discontinuous groups of birational transformations which leave certain surfaces 
invariant, these Transactions, vol. 11 (1910), pp. 15-24. See page 17 for further references. 
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residual intersection consists of a cubic passing through the other basis points, 
and cutting (ii) twice. The cubic is fixed by any point P on S,. The images 
in >’ of H,, H, are two planes each passing through /”,. Their intersection 
consists of a straight line which is fixed by P’, the image of P. 

The fifteen operations C,, are transformed into the fifteen nodal projections 
(Pi,)- 

20. Any two of these operations generate a group of infinite order. More- 
over, the index of this group as to that generated by two pairs will also be 
infinite. This can be most easily proved in >’. Let (P',)(Pj,) = 8 and 
(P\,)( Py) =t. 

Pass a plane through P', P;, and any point P’ on A. This plane cuts A in 
a general quartic curve having two nodes. When /” is operated upon by s, its 
image will always lie on the same quartic curve. Pass a plane through PP’, 
P.,, P;,- Tt will eut A in a quartic curve which intersects the preceding one 
in three points A,, A}, A; besides P’. The images of P’ when operated upon 
by ¢ will lie in the second plane. If any power of s were equal to any power of 
t, the corresponding position of P’ would be at A‘, hence these respective oper- 
ations repeated four times would cause the point to return to P’. If the period 
is finite for one point it has been proved to be finite for every point, but s and ¢ 
are each of infinite order. Hence no relation of the form s” = ¢" can be found. 

Now multiply the series 1, s, s*, s*--- by ¢, @, --- on the right. If 
s‘t' = s’t’, then s*-? = ¢*-', which relation was proved to be impossible. It fol- 
lows that no operation s*t¢' appears twice in this set, or that the index of the 
group generated by s and ¢ is of infinite order as to the group generated by s. 
In the same manner we can obtain a group generated by s, ¢, uw, having an 
infinite index as to that generated by s,¢, ete. All the operations of the group 
can be expressed in terms of (P;,) and the operators of the linear group G,,,. 

21. Since the operations C, and ( N,) are transformed into each other by J, 
it follows that C’, goes into [7] in >’. 

22. The straight lines defining 7),, go into conics in >’ passing through P,,, 
and P’.. Since the lines in = do not go into themselves when operated upon 
by J, it follows that the image conics in >’ touch A in the two points which are 
images of the residual points of intersection of the line and S,. Through any 
point P of S, can be drawn but one line cutting y and (ik); it will eut S,in Q. 
The basis curve composed of y and (ik) will define a pencil of quadric surfaces, 


one of which passes through P. This quadric goes into the plane passing 
through P;, and P’.., cutting A in a binodal quartic curve. Through /” can be 


passed four conics, all of which touch A at P’, pass through P;,, P’,, and 


touch A in another point. The generators of the other regulus on the quadric 


in > go into 2' conics which are proper contact conics, that do not pass through 
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the nodes. Any binodal quartic can be generated in four ways as the envelope 
of a conic passing through the nodes ; its pole as to the line joining them describes 
a conic. The four loci of poles are inscribed in the same quadrilateral, having 
a vertex at each node. The series of conics are rationally separated when one 
position of the pole is known. The second point of contact of one conic is Q’. 
When P’ describes A, Q' can be distinguished from the other points of contact 
by means of the equation of the locus of the pole. Each of the other series of 
contact conics will also define birational transformations, but these are not 
images of straight lines in =. The conjugate operation in J is defined by the 
cubics passing through four basis points and cutting y in one variable point. 

In the same way, the operations 7’, ,,, are transformed into the operations 
defined by the series of contact conics passing through P’,, P.. They are 
obtained from the preceding series by the linear transformations [i | [ /]. 
Now consider the lines (123), (14) in =. The former goes into a conic through 
or the singular conic in the plane 7;,,. The 
line (14) goes into the point P;,. Any line in = cutting (123), (14) goes into 
a conic in >’ passing through P’,, touching the conic of contact in the singular 
plane 7r;,,, and touching A in the images of the residual intersections of the line 
and S,. As before, three extraneous series of conics appear. 

23.- The conjugate of the lines cutting (ik), (/m) in J are quintie curves 
through i, k, 7, m simply, through the remaining basis points twice, having one 
variable point on (ii) and on (iJ). They are uniquely fixed by a point P on 
S, and pass through @, the residual point of intersection of the line through ? 
cutting (ik),(7m). As in the case of the cubics C,, these curves could be used 
to define the transformation. Whenever the corresponding transformation in >’ 
is defined by rational contact curves, two distinct systems of rational curves in = 
will define the same transformation of points on S,. On the other hand a Cre- 
mona transformation in =’ may not be expressible in rational form in 2, except 
for points of S,. 

24. To obtain the operation into which X is transformed in >’, it will be 
observed that the quadric passing through y, and (i/) goes into a plane, and the 
section of the former with S, becomes a plane quartic curve, section of A, having 
nodes at P’, and P,. This section is fixed when one point upon A is given. 

Through the conic passing through 7, m can be passed a quadric belonging to (1), 
hence its image in >’ is a plane. The plane of the conic is transformed into a 
Steiner surface having 77’, 7°’, as factors, hence a quadric. The generators of one 
regulus are the images of the pencil of lines through 7 in the plane of the conic, 
and those of the other are images of the lines through m. The image of the conic 
is therefore a conic. On >, the space quartic passes through all the basis points 
except i and. A plane through any other two will cut the curve in but two 
other points. The image quadric will therefore have but two points in common 


Trans. Am. Math. Soc. 25 


| 


366 V. SNYDER: AUTOMORPHISMS OF QUARTIC SURFACES 


with the image plane curve, that is, the conic in the plane of section will touch 
the curve at the two points. Through any point in the section of the quadric 
with A can be drawn a conic touching the curve which its plane cuts from A at 
two fixed points, the chosen point 7’ and at one other point Q’. This is the 
transform of the operation XY. 


§8. The Tetrahedroid. 


25. When the points (1, 2), (3, 5), (4,6) are in involution, it was seen that j 
the nets {y,}, {12}, {85}, {46} have a quadric in common. This quadric | 
becomes a plane in >’ passing through the four points 
Since the section of A made by the plane is a quartic having four double points, 
the curve of section consists of two conics. By the sixteen linear operations 
which leave A invariant the plane of the four nodes can be transformed into 
three others, forming with the given one a tetrahedron. By the operations [7], 
the dual configuration is obtained, such that four points exist through each of | 
which pass four of the singular planes of A. These planes intersect in six lines, ; 
on each of which lie two nodes, hence the nodes on any singular conic are in 


involution. 

If the six nodes of S, are in involution, the six nodes in every singular 
conic of A are in involution. S,now has an extra pair of lines and J has 
Jour pairs of conics. 

26. The axial involution in = goes into the operation defined by interchang- 
ing the points of contact of a conic which touches A in the images of the axes 


d 
of the involution and in two other points. The four points of contact are har- 
monic. A is now a tetrahedroid; since the lines joining two nodes define an 
involution in each singular plane, and four singular planes pass through the 
center of this involution, A is now invariant under the central involutions 
defined by the vertices and opposite faces of the tetrahedron formed by the 
planes containing pairs of conics on A. These operations cannot be defined in : 
terms of the axial involutions in =. Let P’ be the center and 7’ the invariant 
plane. The image of 7” in = is a pair of points &, &” not lying on S,; the . 
image of 7’ is the quadric containing w,v. A line through P’ cuts 7’ in IT’ 
and A in two pairs of points each harmonic with P’ II’. The image 
of the line is a quartic curve passing through the eight associated points 
1,2,.---,6, &, &. It cuts the quadric in two points 7, 7” and S, in four 
points, images of W;. 
27. When the points 1, ---,6 are in multiple involution, A is a multiple 
tetrahedroid. In the case of six fold involution the new central involutorial 


perspective transformations and the linear G’,, generate a group of order 24.16.* 


*SeaRe, Sur un cas particulier de la surface de Kummer, Leipziger Berichte, vol. 36 ! 
(1884), pp. 132-135. 


ON SEMI-DISCRIMINANTS OF TERNARY FORMS* 
BY 


0. E. GLENN 


§1. Jntroduction. 


It is well known that the number of independent conditional relations which 
must exist among the coefficients of a ternary form of order m in order that it 
should be factorable into linear factors, distinct term for term, is }m(m— 1). 
Several writers, + among them BriLi, and GorDaN, have published methods for 
the determination of such sets of relations. Their results are, as a rule, 
expressed in the form of a covariant, the identical vanishing of which gives 
necessary and sufficient conditions for the factorability. 

These methods are somewhat indirect, and from certain standpoints are 
unsatisfactory for the additional reason that the set of conditions given by the 
identical vanishing of such a covariant is always redundant. 

Our aim in this paper has been to develop a direct method of attacking this 


problem. Our method leads to a set of conditional relations containing the 
exact minimum number }m(m — 1); that is, it leads to a set of }m(m—1) 
independent seminvariants of the form, whose simultaneous vanishing gives 
necessary and sufficient conditions for the factorability. We shall call these 
seminvariants semi-discriminants t of the form. They are all of the same degree 


2m —1; and are readily formed for any order m as simultaneous invariants of 
a certain set of binary quantics related to the original ternary form. 

If a polynomial, f,,, of order m, and homogeneous in three variables (x, , x,, ,) 
is factorable into linear factors, its terms in (x,, 7,) must furnish the (2,, x,) 


terms of those factors. Call these terms collectively a’, and the terms linear 
1 


in x, collectively x,a\'-'. Then if the factors of the former were known, and 
were distinct, say 


* Presented to the Society December 29, 1910. 

{ THAER, ‘* Ueber die Zerlegbarkeit einer ebenen Linie dritter Ordnung in gerade Linien,’’ 
Mathematische Annalen, vol. 14 (1879) ; GoRDAN, ‘‘ Das Zerfullen der Curven in gerade 
Linien,’? Mathematische Annalen, vol. 45 (1894); Britt, ‘‘ Ueber die Zerfillung der 
Ternirformen in lineare Factoren,’’ Mathematische Annalen, vol. 50 (1898). 

t It seems desirable to introduce a new term for the members of such a minimum set of func- 
tions of the form’s coefficients. Since the name discriminant is already in common use, and since 
discriminants are invariants, it seems natural to adopt here the term semi-discriminant. 
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m m 


i=1 i=l 


the second would give by rational means the terms in x, required to complete 
the several factors. For we could find rationally the numerators of the partial 
fractions in the decomposition of a/'~"/a\",, viz.: 


lx 


a. 
— — 

— 


i= 


and the factors of the complete form will be, of course, 
— + (i=1, 2,---,m). 


Further, the coefficients of all other terms in f, are rational integral functions 
of the 7 on the one hand, and of the a, on the other — symmetrical in the sets 
\’,@,). Weshall show in general that all these coefficients in the case 
of any linearly factorable form are rationally expressible in terms of those 
oceurring in aj, a*~'. Hence will follow the important theorem (§ 5) : 
Theorem 1. Jf a ternary form f,, is decomposable into linear factors, all its 


coefficients, after certain 2m, are expressible rationally in terms of those 2m 
coefficients. That is, in the space whose codrdinates are all the coefficients of 
ternary forms of order m, the forms composed of linear factors fill a rational 
spread of 2m dimensions. 

We shall thus obtain the explicit form of the general ternary quantie which 
is factorable into linear factors (§ 5). Moreover, in case f, is not factorable a 


similar development will give the theorem (§ 3), 
Theorem 2. Lvery ternary form f,, for which the discriminant D of a 


me 


ir 
does not vanish, can be expressed as the sum of the product of m distinct 
linear forms, plus the square of an arbitrarily chosen linear form, multiplied 
by a “satellite” form of order m—2 whose coefficients are, except for the 


factor D-', integral rational seminvariants of the original form f,, . 


§ 2. A class of ternary seminvariants. 
Let us write the general ternary quantic in homogeneous variables as follows : 


where 


Then write 


a, 


Il ( rye, — ) 


k=1 
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and we have in consequence, assuming that J) + 0, and writing 


= Ca" 
4 = 9 4 


the results 


(1) a, == fa", =— 
Hence also 
yh 
(2) = — 


The discriminant of a” can be expressed in the following form : 


(3) D = JJ 
j=i 


and therefore 


Ir Or Or 0 


(4) a= 
and in like manner we get 


(5) II a, = 


* 


( 
Or Or 


a 
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The numerator of the right hand member of this last equality is evidently the 


m—l 


resultant (say of and 
Consider next the two differential operators 


A 1 
= = m—1l1)a,= 
l 0 Oa + ( ) vl Ca + 
10 ll 
1 
A, = ma,,, +(m—1)a,,_, 5a, 


and particularly their effect when applied to a‘'~' 


(6) =a”., 


or" Or 


and from these relations we deduce the following: 


a 


nat 
(7). {= Ay) = 


or, from (1) 
AR, 


(8) 1D = 


“+a 


. We get [see (2)] 


k 
k) 
r ir 


In (7) the symmetric function = is to be read with reference to the v's, the super- 


Or, 7) 1 2 
m 
1 
m 
oC 
A ’ 
am i 
ta. 
2 10 
or! or or" 
f 
j 
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scripts of the r’s replacing the subscripts usual in a symmetric function. Let 
us now operate with A, on both members of (7). This gives 


A a a ak m 


=.= 


1 2 
Let =, 


geneous variables r,, 7, which involves / distinct letters of each group, viz: 
2 
rs) (7 =1,2,---,h). Then we have 


i 


represent an elementary symmetric function of the two groups of homo- 


A A,R 
l 2 m m—1),(m 
(9) (— 1 A, +++ >, ]- 
We are now in position to prove by induction the following fundamental 


formula : 
(10) 1) m—s—t tD 


where the outer summation covers all subscripts from 1 to m, superscripts of 
the 7’s counting as subscripts in the symmetric function. Representing by 
J, the left hand member of this equality we have from (6) 


m—s—t,t 


or! or? a, —! 
2 +1 t a+t+l1) ») 
This equals i 
=(—1)*'a,4, a_,S, 


where S is a symmetric function each term of which involves ¢ + 1 letters 7, 
and m—s—t letters r,. The number of terms in an elementary symmetric 
function of any number of groups of homogeneous variables equals the number 
of permutations of the letters occurring in any one term when the subscripts 
(here superscripts) are removed. Hence the number of terms in =, is 


and the number of terms in S is 


(m—s+1)m—s/t m—s—t. 


(s=0,1,---,m; 

{ 
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But the number of terms in = - 


m—s+1/m—s—tt+l1. 


Hence 
and so 
‘ 


This result, with (9), completes the inductive proof of formula (10). 
Now the functions /,,_,_, , are evidently simultaneous invariants of the binary 


m— 
me 


forms a”, a), a, a*-'. We shall show in the next section that the 


Ox? Ox ? 


expressions 


are, in reality, seminvariants of the form f,, as a whole. 


§ 3. Structure of a ternary form. 


The structure of the right hand member of the fundamental equality (10) 
shows at once that the general (factorable or non-factorable) quantic (D+ 0) 
can be reduced to the following form : 


m m 
k=1 


s=2 ¢t=0 


This gives explicitly the general “satellite” form of /,, with coefficients 


expressed rationally in terms of the coefficients of f,. It may be written 
m m—s A™—*-* At R 
(Da, (—1)" m—1 t t 9 


mM—s—t 


Now the coefficients J,_,,, are seminvariants of f,,. To fix ideas let 
m = 3 and write the usual set of ternary operators, 


Oa “Ca Ca “Ca Ca. 
00 ol 02 10 ll 20 
UG, = 24,, = 2G, = 
00 Ca + ol Ca,, + Oa 10 Ca + ll Cu,, 20 Ca. 
ol 02 03 ll 12 21 
+ + + Da,, + + Da, 


| 
s=2 

| 
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Then /,, is annihilated by 2,,,, but not by 0,,,., Z,, is annihilated by ©,,,. but 
not by 0... , and J), is annihilated by 2,,,, but not by 2... In general J,,_,_, , 
fails of annihilation when operated upon by a general operator ,,,. which con- 


tains a partial derivative with respect to a,. We have now proved theorem 2. 


tor) 


$4. The semi-discriminants. 


A necessary and sufficient condition that f, should degenerate into the 
product of m distinct linear factors is that om should vanish identically. 
Hence, since the number of coefficients in w,_, is }m(m—1), these equated to 
zero give a minimum set of conditions in ole that 7, should be factorable in 


the manner stated. As previously indicated we refer to these seminvariants as 


a set of semi-discriminants of the form f,,. They are 


wy 


s—t 1, 


(13) — Da, —_ ( tim — 


They are obviously independent since each one contains a coefficient (a@,,) not 
contained in any other. They are free from adventitious factors, and each one 
is of degree 2m —1. 

In the case where m = 2 we have 


This is also the ordinary discriminant of the ternary quadratic. 

The three semi-discriminants of the ternary cubic have been computed by the 
author by another method.* Corresponding results for the case m = 4 have 
not been published. They are the following: 


(4 — J?)— R,, 


=o 
where 


3 + 12a 


ov & ’ 


+ 2Ta, A 


*American Journal of Mathematics, vol. 32 (1910), p. 89. 


a a | 

aa a 

ov ol 0 
ay, a1), 0 

a, 
| 

97 2 79 

J, = 270), ¢,, — 91g, | 
a a 0 0 | 
10 ll 12 13 
0 A 0 | 
> 0 9 a, Ns 
= 
01 weil 02" 10 "12 03 ~ 10 00 “13 04 "10 
a, ) ay) Ayo Ay Ay, 0 | 
| 
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the other members of the set being obtained by operating upon 2, with powers 
of A, A,: 


D 
A, = 4a,, + 38a,, + 
Ca Ca 


10 il 12 13 


to 
= 


~ ~ 


A, = 4a,, -— + 8a,,.— + 24, +4,5 > 
2 Ca 02 Oa 


12 il 10 
according to the formula 
ae ‘AS R, 


4, D— 


§ 5. Proof of Theorem 1. 


The factors of a” being assumed distinct we can always solve /,,,,,= 9 
for a,,, the result being obviously rational in the coefficients occurring in a7, 
a”-', This proves theorem 1, as far as the case D + 0 is concerned. More- 
over by carrying the resulting values of a,(s=2,3,---,m: t=0,1, ---,m—s) 
back into f,,, we get the general form of a ternary quantie which is factorable 
into linear forms. In the result ai, a”-' are perfectly general (the former, 


however, subject to the negative condition D + 0), whereas 


Ar R A, R ArR 
; 1 m_m—j 1 2 "7 2 n 
m—) m—j—1 1 m—) 
(j 


Assume next that J = 0. Then there are two cases to consider. First, 
av. has multiple factors but 7, as a whole has no multiple linear ternary factors, 
and a mere interchange of subscripts of the variables (#,, «,, «,) transforms /;, 
into a new quantic whose binary a” -has no multiple factors. For this new 
quantic, then, D+0. Secondly, f,, as a whole may have repeated ternary linear 
factors. Let there be one such D factor, of multiplicity two. Then J,,_.,,, 


which we now write in the briefer form 


J A,, ay ) 
“*m—s—t,t — D(a a ) 


00? ol? 


is indeterminate. In fact, in this case, two of the a, in the right hand member 
of (10), say «,, a,, are to be replaced by one and the same quantity 


*See Bulletin of the American Mathematical Society, vol. 17 (1911), p. 451, 
theorem in § 2. 


0,1, ,4—s). 
| 
4 

| 

i 

; = = 

71) 

cr, 
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Then it is not difficult to show that the corresponding true value* of -/,,_,_,;, 
and hence of a,,, is 


Oo 
—— — (i=any number of the set 0,1,---,m). 


D(a, 


Likewise, when /,,, contains a linear factor of multiplicity three, three of the a. 
in (10), say a,, 2,, 2, are to be replaced by the same quantity, viz.: 


and then we get 


> 
oF 


———— (i=any number of the set 0,1, 


D( ays 


~ 9 
Or 


Similarly in the case of a factor of f,, of multiplicity higher than three. Hence 


in these cases also a,, is rational in the coefficients of aj., aj". 
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* Cf. SALMON, Modern Higher Algebra (fourth edition), p. 90. 


a 
at CU 
Ca); 
1) m—t1 
2 (1) 
or’ 2 “o, D 
A 
at Ca ) 


